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BAN TOM TAT

Trong bao céo ndy, chung toi xét phuong trinh séng phi tuyén sau day

u, —u,, = f(z,t,u,u,,u,),z€Q=(0,1),0<t<T, (1)
u, (Ov t) - hou(07 t) =9 (t)7 u(L t) =9 (t)v (2)
U(ZL’, O) = ﬂo(x)? ut(:zz, O) = ﬂl(x), (3)

trong d6 A, >0 l1a mot hang s6 trude va f, gg, &1, Uy, 47 14 cac ham sb cho trude. Trong béo cdo
nay, chung toi lién két bai toan ( 1)-(3) mot day qui nap tuyén tinh ma sy ton tai va duy nhat nghiém
dia phuong dugc ching minh bang phuong phip compact thong dung. Trong truong hop
20, 2, € C°(IR,), feC"([0,1]x IR, x IR?), f, € C"([0,l]]x IR, x IR"), ching t6i thu dugc tir
phuong trinh u, —u_ = f(x,t,u,u_,u,)+ & (x,t,u,u_u,), lien két véi (2), (3) mot nghiém yéu
u,(x,t) c6 mot khai trién tiém can cdp N +1 theo &, v6i & du nho.

ABSTRACT

In this report we consider the following nonlinear wave equation

u, —u,, = f(z,t,u,u,,u,),zeQ=(0,1),0<t<T, (1)
u, (07 t) - hou(oﬂt) =9 (t)7 u(lvt) =9 (t)a (2)
u(xa O) - ﬂo(x)a ut(xa 0) - ﬂl(m)’ (3)

where A, >0 is a given constant and f, g, g1, Ug, 4, are given functions. In this report we
associate with problem (1)-(3) a linear recursive scheme for which the existence of a local and unique

solution is proved by using standard compactness argument. In case of g, g, €C *(IR ),
FeCY"([0,1]1x IR, x IRY), and f, € C"([0,1]x IR, x IR’), we obtain from the following equation

u,—u_ = f(x,tuu u)+ g (x,t,uu, u,), associated to (2), (3) a weak solution u_(x,#) having
an asymptotic expansion of order N +1 in &, for & sufficiently small.



1. MG PAU
Trong bdo cdo nay, ching tdi xét phuong trinh séng phi tuyén sau day

uy, —u,, = ftuu u,),xeQ=(01),0<t<T, (D

lién k&t v6i diéu kién bién hdn hgp khong thuin nhat

uy (0,2) = hou(0,1) = go (¢), u(l,1) = g, (9), ()
va diéu kién dau
u(x,0) = 1 (x), u, (x,0) = uy(x), 3)

trong d6 /; 12 hing s6 khong am cho truée va f, g¢, g, Uy, #; 12 cdc ham cho trude.

Phuong trinh (1) véi cdc dang khdc nhau clia f va cdc diéu kién khac nhau da dudc khdo sat bdi
nhiéu tic gid. Cu thé 12 mot s6 trudng hdp sau:

Trong [4] Ficken va Fleishman di thi€t 1ap su tdn tai vd duy nhit nghiém toan cuc va tinh dn dinh
ctia nghiém nay cho phuong trinh

ut,—uxx—2a1ut—a2u:5u3+b, &>0 bé. 4)
Trong [11] Rabinowitz di chiing minh sy ton tai ciia nghiém tuan hoan cho phuong trinh

Uy =l + 2001, = & f(X,0U,U ), (5)

trong d6 & 1a tham s6 bé va f tuidn hoan theo thdi gian.

Trong [1] Caughey va Ellison di hgp nhit cdc trudng hop trudc d6 d€ ban vé sy tdn tai duy nhat
va 6n dinh tiém can cla cic nghiém c6 dién cho mot 16p céc hé dong luc lién tuc phi tuyén. Trong
[2] Pinh d chitng minh sy ton tai vd duy nhat clia mdt nghiém yé&u clia bai todn (1), (3) lién két
vGi diéu kién bién Dirichlet thuan nhat

u(0,1) =u(l,7) =0, (6)

véi s6 hang phi tuyén trong (0.1) c6 dang

f=eftu). )

Biing su tdng quat ctia [3] Pinh va Long da xét bai todn (1), (3), (6) vdi s hang phi tuyén c6 dang

f:f(t,u,ut), @)

Trong [5, 6] Pinh va Long da nghién cttu bai todn (1), (3) vdi s6 hang phi tuyén c6 dang
S =1 uy). 9)
Trong [5] cdc tdc gid da xét bai todn vdi diéu kién bién hdn hgp khong thuan nhat

uy(0,) = hu(0,0) + g(©), u(l,t) =0, (10)



trong d6 4 > 0 1a hiing s8 cho trudc; trong [6] v6i diéu kién bién dugc xét tdng quat hon
t
uxmj)=gU)+hMQ0—IkU—Qu®Jyk,zdLﬂzO. (11)
0

Trong [7] Long va Diém di xét bai todn (1), (3) véi trudng hop

u,(0,8) = hyu(0,t) =u, (L,¢) + hu(l,t) =0, (12)

trong d6 hy, h; 1a hang s6 khong am cho trude véi hy +hy > 0.

Trong phan thit nhit ching toi lién k&t véi phuong trinh (0.1) mot day qui nap tuyén tinh bi chin
trong mot khong gian ham thich hgp. Sy tdn tai nghiém cta (1), (2), (3), (12) dugc ching minh
bing phuong phdp Galerkin va compat y&u. Chd y ring phuong phdp tuyén tinh héa trong cdc bai
bdo [3, 7] khong ding dudc trong cdc bai bdo [5, 6]. Phan thit hai chiing to6i nghién citu cdc khai
trién tiém cin cia nghiém theo mdt tham s6 nhi€u & cho bai todn sau:

u, —Au, = f(x,t,u, ,u_,u,)

+ef(x,tu,u_u,), 0<x<l1,0<t<T,
U, (0,0) = hou, (0,0) = g,(2), u,(1,1) =g, (1),
u, (x,0) =ity (x), u,(x,0) =, (x).

(%)

Néu cic ham s8 feC*'([01]x IR, x IR*), f, € CY([0,1]x IR, x IR), va mot s& diéu kién
phy, thi nghiém u, cta bai todn (P,) c6 mot khai tri€n tiém can d&€n cdp N +1 theo &, véi &

dd nhd. Cac két qua trén di tdng quit héa tuong ddi cda [2, 3, 7-10].

2. THUAT GIAI XAP Xi TUYEN TiNH
Ta dat

1
V={veH(0]):v(l) =0}, a%w=jwuw%nw+%mmwm
0

Ta thanh 1ap cdc gia thi€t sau
(Hy)  hy20;

3
(Hy) 80,8 €C (R,);
(Hy) igeVH? idjeV;
(Hy) feC'([0,]]xIR, xIR®) thda cic diéu kién sau

f(Lt,u,v,w)=0 véimoi t >0 va (u,v,w)eIR3.

Thay vi xét bai todn (1)-(3), ta s& xét dua né vé mot bai todn vdi diéu kién bién thuin nhat



Vn—Vxx=J7(x,t,v,v v,), 0<x<1, 0<t<T, (13)

v, (0,1) = hov(0,¢) =v(1,1) = 0, (14)
V(X,O) = ‘70 (X), Vy (X,O) = ‘71 (.X), (15)

2 ~ N ~ N R N 22 *A A . z R R
trong d6, A4n ham cii # va an ham mGi v lién hé bdi phép doi an

v(x,t)zu(x,t)—go(x,t), (16)
1

(x=Dgo(O)+e™ Vg (1), xe[01],1>20. (17
1+ hy

p(x,1) =
S6 hang phi tuyé&n va gid tri ban diu cii va méi ciing lién hé bdi
f(xatavavxav[) = f(xatav—i_w"}x +¢x’vt + ¢t) + ¢xx _¢l‘[’ (18)
Vo (x) =l (x) = @(x,0), V) (x) =y (x) = 9, (x,0), (19)

cung véi diu kién nhat quin

20(0)= u,.(0,0)— hgu(0,0) = g (0) — hyiiy (0),
21(0)=u(L,0) = uy(D).

Ta ciling c6

(20)

feC (011x IR, xIR*), vy eV NH?, ¥, eV.

Vay véi phép ddi 4&n ham (16), (17), bai todan (1)-(3) v6i diéu kién bién khong thuin nhit tuong
duong v6i bai todn v6i didu kién bién thuin nhat (13)-(15).
Cho truéc M >0, T > 0, ta dit

Ko = Ko(M.T, 1) = sup{| 7 (e, t,0,v, )| : (5, ,0,v, w) € 4}, @1

Kl =K1(M>T’f)

_ _ _ 22
L+ A+ 7) 22

= sup{(

+‘;M/)‘)(xat’u’v; W) . (x,t,u,V,W) S Z}’

trong dc’)Z:{(x,t,u,v,w)e]R5 05T, 0<x<1,
Véimoi M >0 va T >0, ta dit

WM, T)={ve L (0,T;V"H*):v, € L”(0,T;V),v, € L’(Q,),
<M},

ul+ P+ <M} (23)

(24)

M v, V|

0,7V NH?)? °(0,T57)° *(0r)
Wi(M.T)={veW(M.T):v, € L”(0.T;L%)}, (25)
trong d6 Q7 = (0,1)x (0,T’). Ta xét thuat gidi x4p xi tuy&n tinh sau:

Chon s6 hang ban dau: vy € W;(M,T). Gia sb ring:



Vo €W (M,T). (26)

Ta lién két bai todn (13)-(15) vdi todn bi€n phan tuyén tinh sau:
Tim v,, € W;(M,T) thdéa bai todn bi€n phan tuy€n tinh sau:

V()W) +av,, (), w) =(F, (1),w) Vwel, (27)
Vm (O) = \70 . Vm (0) = ’\71 . (28)

trong d6

Fpy (6, ) = (61,1 (1, V0 (0, V1 (). (29)

Khi d6 ta c6 cdc két qua sau day.

Pinh Iy 1. Gid sit (H,)—(H) la diing. Khi dé, véi moi v, € W,(M,T), tén tai cdc hding sé duong
M, T va mét day qui nap tuyén tinh {v,, } € Wi (M,T) xdc dinh bdi (27)-(29).

Dinh Iy 2. Gid thi¢t (H,)—(H,4) la diing. Khi dd, vdi moi v, € W,(M,T), ton tai cdc hing sé
duong M ,T sao cho bai todn (13)-(15) ¢6 duy nhdt mét nghiém yéu v € Wy (M, T). Mdt khdc, day
qui nap tuyén tinh {v,,} dugc xdc dinh béi (27)-(29) héi tu manh vé nghiém v trong khong gian

W,(T)={ve L*(0,T;V):ve L”(0,T;L*)}.

Hon nita, ta ciing c¢é ddnh gid sai s6

[vin _V||L°°(0,T;V) +[ Vi _‘>||L°°(0,T;L2) <Ckr', vdimoim,  (30)
trong do
kep =8TK, <1, G1)

va C la mét hing s6 chi phu thuéc vao T,vy,v; va k.

Chitng minh. Ching minh hai Pinh 1y trén ddy kha dai va tuong tu nhu trong [9].



3. KHAI TRIEN TIEM CAN CUA NGHIEM

Trong phain nay, ta xét bai todn nhiéu sau dy, trong d6 € 12 mot tham sb bé, |8| <1:

u, —Au = F.(x,t,u,u,u,),0<x<1,0<t<T,
u, (0,0)—hou(0,8) = go(2), u(l,2)=g;(),
M(X,O): L?(X), U, (X,O) = 1’71 (X),

F (x,t,uu,u,)=f(x,tuu,u,)+& f1(xtu,u,,u,).

(Pe)

Ta thanh lap céc gid thi€t b8 sung nhu sau:

(Hs) feC"™([0,1]xIR, xIR), f, € CY([0,1]x IR, x IR*),

thda cdc diéu kién sau

() D{DPDE f(Ltu,v,w)=0, (a,a,,0)€Z, a,+a, +as; <N,

(i) D{ DD f,(Lt,u,v,w) =0, (o, a,,a5) € Z), ay +a, +as <N —1,

v6imoi t >0 va (u,v,w) e IR?.

Gia st u, € W(M,T) la mdt nghiém y&u cia bai todn (F) tuong dng véi € = 0.

Khi d6, ta c6 dinh Iy sau.

Binh ly 3. Gid sit (H,),(H,),(H3) va (Hs) la ding. Khi d6, tén tai cdc héing s6 M >0, T >0
va cdc ham u,, u,,...,u, € W,(M,T), sao cho, véi moi &, vdi |8|S 1, bai todn (P,)cé duy nhdt

mot nghiém yéu u, € Wi (M ,T) théa mot ddnh gid tiém cdn dén cdp N +1nhu sau

+
L7 (0,T;L%)

< CT|6‘
L*(0,T3V)

|N+1

, (32)

N .
1
u, — E e'u,
i=0

trong d6 C, 1a mot hing so phu thudc vao T, M, u,, u,,..., u,.

Chting minh. Pinh ly trén chi'ng minh kha dai va phuc tap[9].

Chii thich 3.1. Trong [7] céc tic gid dd xét khai trién tiém cin d&n cip 2 cho bai todn (1), (3) v6i
diéu kién bién hdn hgp thuan nhit (12), tuong ng vdi danh gid nhu sau

i = _8”1||L°°(0,T;L2) + g —ug _gu1||L°°(0,T;V) <Cré’. (33)
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