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BAN TOM TAT
Chung t6i nghién ctru bai toan bién phi tuyén sau
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ui/(r)‘p_zui/(r)) + |ui(r)|p72ui(r) =f (r,ul(r),uz(r)), 0<r<l,
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trong 46 y =N-1, p>2, h >0,h, >0, g, g, la cac hang sb cho truéc va f;, f, la cac ham
cho trudc. Trong bai nay, ching téi dung phuong phap Galerkin va compact trong cac khong gian
Sobolev ¢c6 trong thich hop dé chimg minh su ton tai va duy nhét nghiém (u,,u,) cua bai toan (¥*).
Sau d6, Ching toi cling nghién ctru dang diéu tiém can ctia nghiém (u1 (hy hy), uy(hy,h, )) phu thudc
vao (h,,h,) khi h, >0,,h, >0,.

ABSTRACT

We study the following nonlinear boundary value problem.
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where y =N-1, p=2,h >0, h, >0, g,, g, are given constants, f,, f, are given functions. In
this paper, we use the Galerkin and compactness method in appropriate Sobolev spaces with weight to
prove the existence of a unique weak solution (u,,u,) of the problem (*). Afterwards, we also study

the asymptotic behavior of the solution (ul(hl,hz), uz(hl,hz)) depending on (h,,h,) as
hy —>0,,h, =0,



I. GIOI THIEU

Trong bai nay, ching to6i xét bai todn bién phi tuyén cho hé phuong trinh elliptic p -
Laplace sau:

;—:%(7” ul./(r)‘p_zui/(r)j + |ui(r)|p_2ui(r) =/ (r,ul(r),uz(r)), O<r<l, (D

O )+ B, () =g, @)

: / /
lim " ?u; (r)

r—0,

<4, (i =1, 2), 3)

trongd6 y=N-1, p>2,h >0,h,>0,g,, g, 1a cdc hidng s6 cho truéc va f,, f, 1a cdc ham
cho tru6c thda cdc diéu kién nao d6 ma ta sé& chi 16 sau. Trudng hgp cho mdt phuong trinh twong ty
nhu trén di c6 nhiéu nha Todn hoc quan tim nghién cifu, ching han nhu: Nghia, Long [8]; Long,
Diing, Thuy&t [2]; Long, Diing, Nghia, Thuy&t [3], Long, Ortiz, Pinh [5, 6], Long, Ling [7]. Chd y

1/2
ring néu dat v,(x) =u,(]x )= u, (), 1a ham chi phu thudc vao r=|x = [i x> j , thi nghiém
i=1

clia bai todn (1)-(2) chinh Ia nghiém radial ctia bai todn bién phi tuyén cho hé phuong trinh elliptic
p-Laplace nhu sau:

-A,v, +|vi|p72vl. = f.(|x,v,,v, ), trong Q, 4)
5 OV,
V| St by, = g, wén 0, (G = 1, 2), (5)
ov
trong do

2 1/2

ov

o,

b

i=1

Q, ={xelR" :|x|<l}, Apv:zN:g[erjz %), W’ = ZN:

i=l i i
v laphdp tuy€n don vi hudng ra ngodi bién 0Q,,y =N-1, p>2, h >0, h, >0, g, g, 1a cdc
hiing s8 cho trudc va f;, f, 1a cdc ham cho true thda cdc di€u kién ndo d6 ma ta s& chi ra sau.

Trong [1], Huang, Li, xét h¢ phuong trinh elliptic p-Laplace sau

—Au +|u|p72u = F,(|x|,u,v), trong IR", (6)
—Apv+|v|p_2v:—Fv(x,u,v), trong IR", (7)
u,ve W"? (IR"), (8)
trong d6 F, (|x|,u,v) =Z—Z( x,u,v)), F (|x,u,v) :Z—Z(x,u,v)), véi F e Cl([0,+oo)><]R2;[R)

1< p< N, cho truéc. Vi mot s6 diéu kién dit ra cho N, p, F, céc tic gid Huang, Li, chiing
minh bai todn (6)-(8) ¢6 vo s6 nghiém radial (u,v), nghia 1a nghiém (u(x),v(x)) chi phu thudc

vao r = x|.
Trong bai nay, trudc tién ching toi thi€t 14p mdt s6 khong gian Sobolev cé trong cu thé cling vdi
cdc tinh chat ctia ching. O muc 3 chiing tdi chitng minh dinh 1y ton tai va duy nhit nghiém yé&u
ctia bai todn (1)-(3) trong cac khéng gian ham Sobolev cé trong thich hgp. Trong chitng minh cé s



dung phuong phap xap xi Galerkin két hgp v6i phuong phap compact va don diéu. O muc 4, ching
toi cling nghién cdu ddng di€u tiém cin cla nghiém (ul(hl,hz), uz(hl,hz)) phu thudc vao
(h,,h,) khi by >0, h, > 0,. Cdc két qua thu dugc & day da tSng qudt hod tuong ddi cdc két
qua trong[1-3], [5-7], [8].

II. KHONG GIAN SOBOLEV CO TRONG
Pit Q=(0,1), ching ta bd qua cdc dinh nghia vé khong gian ham thong dung nhu
C'”(ﬁ), LP(Q), H" (Q), W™" (). Ta ky hi¢u L7 (€)= L} 1a tap hgp cdc ham u xdc dinh va

do dugc trén Q sao cho
Juf <o, 9)

trong d6

1 1/p
[jry|u(r)|per , néu 1< p < +oo,

0

ul,, =
p.y

, néu p = +o.

ess sup| u(r)

O<r<l

Ta dong nhdt trén L cdc ham bing nhau hau hét rén Q. Céc phan ti ciia L7 1a cdc 16p tuong
duong cdc ham do dugc thda man (9), hai ham la twong duong n€u ching biing nhau hau hét trén
Q. Khi d6 Lf; 12 khdng gian Banach véi chuin || . ”w' Trong trudng hgp riéng, Li la khong gian

Hilbert d6i véi tich vo huéng va chudn tuong Gng nhu sau
1

(u,v) = J.ryu(r)v(r)dr, || u ||2’y = A/{u,u).
0

Ta ky higu W7 (Q)=W," ={ve L’ :v' e L”}, v6i dao ham dugc hiéu theo nghia phan bd.

Hon nira, ta c6 Wy1 ¥ 1a khong gian Banach véi chudn

[||u||;7+uu/ujyj””, 1< p <40,

/
max . [o'| )  p=tm
w,y”’ o0,y ’ p

|| ||l,p,y

Chi § ring ta c6 thé dinh nghia W, nhu la sy ddy di héa clia khong gian C'(Q) d6i v6i chudn
|| . ||1,p,y' Khi d6 phép nhing W;’p (Q) Li (QQ) 1a lién tuc néu p>1, p>2—-1/y, va compact
néu p >2.[4]. bat H = Li (Q), V= W;”’ (Q) va ddng nhat H v6i H' (d6i ngdu cia H ), ta cé

V H V' v6i cac phép nhiing lién tuc va nim trd mat.

IIL. PINH LY TON TAI VA DUY NHAT NGHIEM

Choi=12, va p>2. Bit p' = Ll. Ta thanh 1ap cdc gid thiét sau
p f—
(H,) f,:QxIR* — IR thda min diéu kién Caratheodory, nghia la



(i) f,(-,y,z) dodudctrén Q; Vy,ze IR,
(i) f,(r,-,-) lién tuc trén IR?, ae. reQ,

(H,) Ton taicdc hingsd a,b>0, 0< p,, p, < p vi ham ¢ eLly sao cho

P Vy,zelR, ae. reQ,

P
yh(r,y,z)+zf,(r,y,z) < a|y| + b|z
(H,) Ton tai cdc hing s6 a,, b, >0, va cic ham ¢, € Lf/ sao cho

-1 -1
iy Saly” +b]4" +]g.(r)
Nghiém y€u clia bai todn (1.3), (1.4) dugc thanh 1ap tt phuong trinh bi€n phan sau day

, Vy,ze IR, a.e. r €L
Tim (ul, uz)e V' xV sao cho

(A(u)) vy + (AQu, ), vy + hyu, DOV =, (g ,uy), vy + g, v(1), Vvel, (10)

trong d6 A(x) = |x|p_2 x, x€IR.

Chi thich 1. C4c s6 hang u, (1), u,(1) xudt hién trong (10) dugc xdc dinh v6i moi v € V. Ta nhan
dugc (10) bing cdch nhin hinh thitc hai v& (3) v6i r”v, v eV, va sau d6 14y tich phin titng phan
k&t hop véi viéc st dung cic diéu kién (4).

Khi d6 ta c6 dinh ly sau day.

Pinh Iy 1. Gid sit h, >0, h, >0, g,, g, € IR va (H,)—(H,) dugc théa. Khi dé bai todn bién
phén (10) c6 nghiém (u,, u,) e V xV. Hon nita, néu f,, f, théa

(H,) Tén tai cdc hing s6 a,, by <2*77, sao cho

(ﬁ(r’y9z)_ﬁ(r9yl9 Zl))(y_yl)+(fz(rayaz)_fz(raylazl))(z_zl)

p
»

P
< az|y_y1| +b3|Z_Zl
vy, y,,2,z, €IR, a.e. reQ,
thi bai todn bién phan (10) cé nghiém (ul , uz) duy nhat.

Chitng minh. Chitng minh Pinh 1y1 c6 bing cdch st dung phuong phap xap xi Galerkin k&t hop
v6i 1y luan vé todn tif don diéu nhu trong [2, 3]. Trong chiing minh c6é st dung dinh 1y diém bt
dong Brouwer trong khong gian hitu han chiéu.

Chi thich 2. Pinh ly 1 vin con ding néu gid thi€t (H,) dugc thay th€ bdi mot trong cdc gid thi€t
sau day
(H,) Tén tai cdc hiing s6 a,b <1 v ham ¢ € L, sao cho

, Vy,zelR, ae. re Q.

Vh(ry,2) + 2, (r, y,2) < dly|” +bl2|” +]q(r)

(H)') Tén tai cic hings6 a<1, b>0, 0< p, < p vd ham ¢ eLly sao cho

vy, z)+zf,(r,y,z) < a|y|p + b|z|pl + |q(r) , Vy,z€ IR, ae. reQd



(H,') Tén tai cdc hiingsd a >0, b<1,0< p, < p vaham g € L, sao cho

yh(r,y,z)+zf,(r,y,z) < a|y|pl + b|z|p + |q(r)

, Vy,z€ IR, a.e. r €L

Chu thich 3. Tuong tng véi p =2, ¥ =1, cdc tic gid trong [5, 6] da chitng minh phuong trinh vi
phan Bessel phi tuyén %%(xu/(x))—i- u’—u=0,0<x<+0o, lién két véi diéu kién bién
u(0)=1, xl_i)rgo u(x) =0, c6 it nhat mot nghiém. Mot trong sd cdc nghiém & trén dudc thi€t 1ap tir
bai todn bién ?%(xu/(x))—ir W —u=0,a<x<b, lien k&t véi didu kien bien wu(a)=1,

u(b) =0, trong d6, x; <a <b < x;,; va x,, x,,, 12 hai z&ro lién ti€p ctia ham Bessel J,(x).

IV. DANG PIEU TIEM CAN CUA NGHIEM KHI 4, —0_, h, —» 0.

Trong phin ndy ta gid st ring (H,)—(H,) 1a ding. Do dinh 1y 1 bai todn bi€n phan (10)
tuong tng véi cdp s6 thuc (A, h,), h, >0, h, >0, c6 nghiém duy nhdt (u,,u,) phu thudc vao
(hy,h,) nhu sau u, =u,(h,h,), u, =u,(h,,h,). Ta s& nghién cttu ding diéu tiém cdn cla
nghiém (ul(hl,h2 ), U, (hl,hz)) khi 2, > 0., h, —> 0,. Ta b3 sung thém sau diy mot gia thi&t vé

ham f,, f,.
(H,) Tbn tai cac hing s6 a, b, <2*”, sao cho

(f v, 2) = [y 2))y =)+ ([, (3. 2) = £, (r 3 2))(z - 2)

p
H

< a3|y_y1|p +bs|Z_Zl

vy, y,,2,z, € IR, a.e. r e Q.
Khi d6 ta c6 cdc két qua sau day.

Pinh Iy 2. Gid sit ¢6 cdc gid thiét (H,)— (H,) va (H,) ding. Khi do:
(i) Bai todn (10) tuong iing véi h, = h, =0 c6 nghi¢m duy nhdt (uf°> ul” ) eV xV.
N /(1)
i) Jo, Gy hy) =0+ ooy (1) = < C(w/hf +h;) , Vh, >0, Vh, >0,

trong dé C la hdng sé dwong déc lgp vdi h,, h,.

Pinh Iy 3. Gid sit c6 cdc gid thiét (H,)—(H ) ding. Ta gid si thém rdng.

(H)) Tén tai cic hing s6 a,, by < 2>, sao cho



p
s

(.fl(rﬂyﬂz)_.fl(raylﬂzl))(y_yl) < a3|y_y1

(fz(’”a%z)_fl(’”a%azl))(y_y1)£a3|2_21
Vy,y,,2,z, € IR, a.e. r € Q.
Khi do
(i) NOu 0 < A, <}71, 0<h, <i72 thi

), ‘ul(];l’ZZ D ‘S |”1(h1’h2 D
i) |2 O )0 | [ty ()

i) [ot o e YO +] Gy B )| < 1y s O o+ 1y i )O

P
s

b

b

Gy sup (i, O YD + [y (s D )=\uf°>(1)\2 Hu o).

>0, h,>0
Chirng minh. Chirng minh dinh 1y 1, 2 tuong ty nhu trong [3] nén chiing t6i bd qua.
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