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BAN TOM TAT

Xét hé phwong trinh ham phi tuyén

k=1 j=1 k=1 j=1

m_n Kige ()
M f@=:3Y CD[ [, (r)dr]+22 by f (S, () + £, (),

VxeQ=[a,b], i=1,..,n, trongdé & 1a mdt tham sd bé, a by 1acac hang s6 thyc cho trudc,
g, Q>IR X
f; :Q — IR lacac 4n ham. Bing cach dung dinh 1y diém bat dong Banach, chung t6i chimg minh hé

s Sl.jk Q> Q, va ®:QxIR — IR 1acac ham sd lién tuc cho trude,

(1) c6 nghiém duy nhat. Néu ® € C*(Qx IR*;IR) va ZZIlnaX

.k‘< 1 chung t6i thu dugc mot

thuat giai lap cap hai cho hé (1). Hon nita, chiing t6i ciing thu dugc mot s6 két qua lién quan sy tdn tai
C' — nghiém cta hé (1).

ABSTRACT
We consider the following system of nonlinear functional equations

m o n Xijg (x)
CWIGEDD) a@,kcb[ I (t)dt} 33 by /(S () + ()

k=1 j=1 k=1 j=1

VxeQ=Ja,b], i=1,..,n, where & is a small parameter, a
g, Q- IR, X,

f; : € — IR are unknown functions. By using the Banach fixed point theorem, we prove the system

ji D are the given real constants;

o Sy Q> Q, va @:Qx IR — IR are the given continuous functions and

(1) has a unique solution. If ® € C*(Qx IR*;IR) and ZZmax

1<j<n

i ‘ <1 we obtain the quadratic

convergence of the system (1). Moreover, we also obtaln some results concerning the existence of
C' — solutions of a system (1).



1. M§ dau
Trong bai niy, chiing tdi nghién cifu h¢ phudng trinh ham sau
l/k (X)

1) ﬁ(x)=aﬁiaﬁk® [/, £33 b (S, () + £, (),

k=1 j=1 k=1 j=1
VxeQ=[a,b], i=1,..,n, a

Xips Sy 1 Q—>Q, va @: QxR —> IR 1a cdc ham s6 lién tuc cho tru6e thod mot s6 didu kién

s » Dy 12 cdc hiang s8 thyc cho trude; g, : Q — R,
nao dé ma ta s€ dit sau. Cdc ham f; : QQ — IR la cdc Anham, & 12 mot tham sb bé.

Trong [2-4] cdc tdc gia dd xét sy tdn tai va duy
nha't nghiém clia phuong trinh ham
©) f(x) = alx, f(S&)),
trong khong gian ham BC[a,b]. Trong [5], cdc tic gid Long, Nghia, Ruy, Khoi da nghién ciu mot
trudng hgp riéng cda (1) véi @ = 0. Trong [13], cdc tic gid Wu, Xuan, Zhu di nghién ctu hé (1)
sau day ng v6i Q =[-b,b], m=n=2, ®=0 va S 1a cic nhi thic bac nhat.

3) { i) =a, fi(byx+c) +anf,(b,x+cy)+a,fi(bx+c;)+ g,(x),

Fo(X) = ay, f1(byx +¢y0) + a5 [ (D X+ C0) + a3 [ (bysx + C55) + 8, (%),
v6i moi x € Q =[-b,b], trong d6, cdc hing s6 a;;,b;;,c;;,b cho truéc thda cdc diu kién

Uﬂ U’ U’
es] S
[ 1, max () ja

A e I A

cdc ham s6 g, g, lién tuc cho tru6c va f}, f5 1a cdc 4n ham. Nghiém cla hé (2) lic ndy ciing

il )<l

dugc xap xi bdi mot day qui nap hoi ty déu va dn dinh d6i véi cdc g;.

Trong [7], Long, Danh, Khoi dd nghién cttu hé phuong trinh tich phan tuyé&n tinh

2 Xij(x)

(5) fi(x)= Zal,f,<s,,<x>)+za,, j £t + g;(x),

i=12, xe Q C R, trong d6 Q la mot khoang déng bi chian hodc khoang khong bi chian cia R.

Ciacham g, : Q — IR, SU ,X :QQ — Q13 cdc ham s6 lién tuc cho truée, a;j,q € R 1a cé4c

hiing s, va f}, f> 1a cdc &n ham.

Trong [1], Danh, Dung, Long dé khdo sdt h¢ (1) tuong ing v6i O(x,z) =z, S, (x), X (x) 1a cdc

ijk
nhi thitc bac nhi't, ma cu thé c6 dang nhu sau

Bigx+7 ik

©®) f,-(x)zii ay f, B +e,) vay [ f,0d|+ g ),



i=12,..,n, x € Q=[-b,b]. Céc tdc gid trong [1, 9] dd xap xi nghiém f = (f,,..., f,) cla hé& (5)
biing mot ddy cdc da thic hoi ty déu, trong d6 g, : Q@ — IR 1a cdc ham lién tyc cho trudc,

< ~ Y ~ 2 2 , A v A
Ay 5Dy Cos X By » ¥ i € IR 12 cdc hiing s6 thye cho trude thda cdc dicu kién

m n
zz max ( ayk‘er‘“zjk‘ )< 1,
el im 1<j<n
=1i=1
ci'k‘ 7i'k‘
() max J <b, max PV <,
I<i,j<n, 1<k<m | — bijk‘ I<i,j<n, 1<k<m | — ﬂljk‘

Vi @ =0, trong [11] ciing ti€n hanh gidi s6 hé (1). Ciing trong trudng hgp ® =0 va Sy la céc
nhi thifc bac nhit, g € C"(Q;IR") va Q =[-b,b] cic tic gia trong [5] di thu dugc mot khai trién
Maclaurin ctia nghiém ctia hé (1) cho dén cap r. Hon nita, n€u g; 1a cdc da thic bac 7, thi
nghiém ctia hé (1) cling 12 da thic bac 7. K& d6, n€u g; 1a cdc ham lién tuc, nghiém f cta (1)
dugc xAp xi bdi mot diy cdc da thirc hdi tu déu. Sau d6, cdc két qua trén diy da dudc nSi rong bdi
Long, Nghia[6] va Nghia [12] cho mién Q < IR’ nhiéu chiéu va Sijk la cdc ham affine. Hon

nifa, trong [10] cling cho mot diéu kién dd vé hoi tu c4p hai clia hé phuong trinh ham.
Trong [10], Long da nghién cttu hé phuong trinh ham phi tuyén

m n

O L0 =33 @y V(R D)+ DY by £, (1) + 2,(x),

k=1 j=1 k=1 j=1
i=12,..,n, xeQ, trong d6 Q 1a mot khodng déng bi chdn hodc khodng khdng bi chian ctia IR.
Cicham g, : Q—> IR, S, Ry Q—>Qva ¥Y:IR— IR lacicham so lién tuc cho trudc;
by 12 cdching s6,va f =(f),..., f,) 1a cdc &n ham. Mot s6 k&t qué lién quan dén khai trién
tiém cin cda nghiém cho hé (9) theo mot tham s6 bé & ciing duge xem xét véi W(y) = y2 [8] va
t6ng quit véi W e C' (IR) [10]. Mot s6 k&t qui lién quan dén khai trién tiém can ctia nghiém cho

hé (9) theo mdt tham s& bé & ciing dudc xem xét trong bai bdo ctia Long, Diém [8] va Long [10].

Trong bai ndy, bing dinh 1y di€m ba't dong Banach, ching t6i chitng minh hé (1) ton tai va duy
nha't nghiém ma nghiém niy cling 6n dinh ddi v6i cdc ham g;, trong d6, Q =[a,b] hodc Q la
mot khodng khong bi chan ctia IR. Ti€p theo, chiing téi nghién citu mot diéu kién di dé thu duge
X, € C'(IR) va g€ C' (€ IR") ching

thudt gidi hoi ty cap hai cho hé (1). Sau d6, néu S,

t6i chitng minh ring nghiém ctia hé (1) ciing thudoe C'(Q;R"). Trudng hdp D(x,z) = z, va

Sk (%), X jjx (x) 1a cde nhi thie bac nhdt va n€u g; 1a cdc ham lién tyc, nghiém f* cta (1) duge
x4p xi bdi mot diy cdc da thic hoi tu déu. Cac két qua thu dugc trén day 13 mot sy tdng quét hod
tuong do6i clia cac két qud trong [1-13].

2. Pinh Iy tdn tai, duy nhat va én dinh nghiém

Ta ky hiéu Q =[a,b] va X =C(;R") 1a khong gian Banach clia cdc ham s&

f=fire0r fr) : Q@ —> R" lién tyc trén Q d6i vdi chudn



ao [, = sup 2]
xeQ j=1

Tuong tu, v6i s6 nguyén khong am m , ta dit
C"( QR ={f =(finf) € CCLR™): fF) e C(QR), 0<k<m, 1<i<n}.
Mit khac, C™ (€;R") ciing 12 khong gian Banach ddi vdi chudn

n
_ “ ()
A0 71, = max sup 2 | <)}

Ta vi€t hé (1) theo dang clia mdt phuong trinh todn tif trong X = C(; R"™)

(12) f=cAf +Bf +¢g
tI‘OHg do fz(flﬂ"'ﬂfn)’ Afz((Af)l’,(Af)n)a sz((Bf)laa(Bf)n):

m n Xijr (%)
(13) (Af)i(x) :ZZ ay‘kq)[x’ If/ (t)dt}

k=1 j=1

(14) (Bf);(x) = DD b [ (S (x)), (1<i<n)véimoi x e Q.

k=1 j=1

Ta thanh 14p c4c gid thiét sau:
(Hy) Sy, Xy 1 Q—Q lién we,

ik
(HZ) g :(glﬂ"'ﬂgn) EX9

(H3) H[bgjk]uzii max

b ‘< L

1<j<n
(Hy) ©:QxIR — IR thda diéu kién
VM >0,3C,(M)>0:|®(x,z,) - ®(x,2,)| < C,(M)|z, - z,

b

Vz,,z, € IR, Zl.| <Mb, i=12.
(Hs) M >—2 lel.x va 0<g, < M(I_H [b’f"k]u) ,
1= o] 2(ch1 (M)+n Sup|CD(x,0)|)H [a,1]
xeQ

DPAiu tién, néu H (b, ]H <l,tac6 I —B:X — X la todn tif tuyé&n tinh, khd ddo va

[7-B)"|< . (xem[1]), ta viét lai hé (12) dudi dang

1
BN

(15) f=(U-B)(c¢4f +g) =T

V6imédi M >0, tadit K, ={feX:|f], <M}. Knidé,taco.

Pinh Iy 1. Gid st (H,)-(Hys) diing. Khi d6, véi méi &, véi |e| < &y, hé (15) c6 mot nghiem duy
nhdt f € K,;. Hon nita nghi¢m ciia hé¢ (15) ciing 6n dinh déi véi g trong K,,.

Chitng minh. Chitng minh c6 thé tim thay trong[1]H



Chii thich 1. Nhd dinh ly diém bat dong Banach, nghiém cta hé (15) dudc xap xi bsi thuat gidi

16) [ =Tf* Y =(I-=B) (A" +g), véi f© ek, chotrusc.
Khidé ) — f trong X khi v —> +0, va
gObC (M)|[a, ]H

1[5,
Chu thich 2. Trudng hdp P(x,z) =z, va Sy (x), Xy (x) 1a cdc nhi thic bac nhat

I D B L e R L T

(18) Syk (x)= QX+ 5,.jk, X (x)= ﬂijkx + 7
vd Q=[-b,b]. Gid sk ring cdc s6 thuc o, By, 0, thda cic didu kién sau
| <1, | B =1,2,0,mk =1,2,..,m
(H)) ol \ bl
ik Y ik
max Tl <b, max ~L <.
1<i, j<n,1<k<m 1 ‘auk‘ 1<i, j<n,1<k<m 1 ‘ﬂuk‘

Khi d6 ta co

Dinh Iy 2. Gid sit rang Q =[~b,b] va cdc 56 thuc by, Ay, BV i » O tha (H!), (Hs) va
Sk (x), X i (xX) 6 dang (18). Khi do, véi mbi g € X, ton tai duy nhdt mot ham

f=f1rs f) € X la nghiém ciia he

BiigX+7 ik

19 £)=3a, jf(t)dz+22b,,kf(a,,kx+5,,k>+g(x)

k=1 j=I k=1 j=1

i=12,..n,xeQ= [—b,b]. Hon nita, nghiém ndy ciing 6n dinh déi vdi g trong X.
Ch thich 3. K&t qua [13] 1a mot trudng hgp riéng cla dinh 1y 2 véi Q =[-b,b], m=n =2,
a;; =0. Lién quan dén h¢ (19) ta c6 két qua sau.
Ménh d@é 3.[1] Dudi cdc gid thiét ciia dinh Iy 2, néu a, =0va gy,...,g, lacdcda thic cé bic
<r—1, thinghiém f cia hé (19) tuong iing vdi a = 0 ciing la da thitc ¢6 bdc <r—1.

D& xap xi nghiém cda hé (19) bing mot diy céc da thifc, ta gid st ring cdc s6 thuc
b Qs P Vi » O thoa cdc di€u kién nhu trong dinh 1y 2. Gid st f € C(Q;IR") 1a

nghiém duy nh4t cda hé (19) tuong ung v6i g € C(C; IR").

ijk t/k’ ijk

Trude hét, do dinh 1y Weierstrass mdi ham lién tuc g; duge xap xi bing mot day cdc da thic hoi
tu déu Pi[ 7] khi bac g — +oo. Tir do, pl (P n[q]) hoi ty trong C(C;IR") vé g khi
q —> +oo. Ta dat

ﬂ,k)”}’”k

@) (4),0=3Ya, jf(r)dr (B),(¥) = by f (@yx+5,),

k=1 j=1 k=1 j=1
i=12,.,n, xe€Q=[-b,b]. Taxétday {f } dugce xdc dinh bdi
21) f[O] =0 f[q] — Bf[q] + Afle 1 4 plal q =12...



Ta chd y ring A" + P 1a da thic c6 bac < ¢, do ménh dé 3, nghiém 19 ciing 1a da thic
co bac < ¢g. Do do ta c6.

Pinhly 4.[1] Ta cé lim

g—>+0

-, -

Hon nita, néu chudi Zﬁ_j HPU] - gHX hoi tu, ta ¢é ddnh gid sai s6
=

@ | -1, |71, +

Hlag]

=]

3. Thuat gidi ldp cAp hai

u[bk]uz v
i

trong dé 6 =

Thuat gidi xap xi lién ti€p (16) dudc cho bdi cdch lam clia dinh 1y 4nh xa co, d6 cling 1a
mot thuit gidi hoi tu cAp 1. P& 1am gia ting tdc d6 hdi tu, trong phdn nay chiing toi nghién cttu
mot thuat gidi cap hai cho hé phuong trinh ham (1).

Gié st ring ® € C'(Qx IR;IR) va sk dung xap xi sau

v V— 6® V— v V—
(23) D(x, zﬁ, ') = d(x, z;. 1))+E(x,z§. 1))(z; ) —zﬁ, ),

j/‘k(X)
trong d6 Z(V) = Ifj(") (t)dt. Ta thu dugc gidi thudt sau day cho hé (1)
0

i) Chotruée [ =(f,..., D) e X.
i) Gid st biet £ =(£",.., ") e X, taxdcdinh £ =(f,.., £) e X bdi

Xij/a (x)

@4 £ = BF), )+ DY BY(ex) [ 101+ g (),

k=1 j=1
xeQl1<i<nv=12,..

trong d6 ﬂlg,t) (&,x), gl-(v) phu thudc vao f(v_l) nhu sau:

14 a® Vv
(25) B (e,x)=¢€ay, E(VK,‘k (%)),
n.m m n ng()‘)
(26) g () =g, (x) + 2D ay @I () =D > B (&x) [ [ (0,
j=1 k=1 k=1 j=1 0

X ()
voi W (x) = (x, jfj(v’l) dt), xeQ1<i<nv=12,..
0

Khi d6 ta c6 dinh Iy sau ma chitng minh n6 khong kho khin.



Pinh Iy 5. Gid sit (H,)—(H,) la ding. Neu [ e X théa

Q27 y,=b ZZmaxsup‘,B( (e, x)‘ +H (D, ]H <1.

) IS/Sn (e

Khi d6 ton tai duy nhat ) € X la nghiém ciia (24)~(26).1
Dinh ly sau diy cho mot diéu kién di dé thuat gidi (24)—(26) hoi tu cdp 2. Chitng minh dinh 1y nay
khd dai ma chi ti€t cla né sé& cdng bd day di & ndi khic.

Pinh Iy 6. Gid sit ® € C*(QxIR*;IR) va (H,)— (H,) diing. Cho a

hang s6 M >0 va &, sao cho:

e IR. Khi dé, ton tai hai

ijk

(1) Voi (0) e K, cho trudc, hé (24)—(26) ton tai duy nhdt nghiém v) sao cho
S M y g
28) fV ek, , Vv=0,12,.

(i) vai [ e Ky, cho trude, day {f )} xdc dinh bdi he (24)~(26) la day Idp cdp hai. Chinh xdc

hon, ta co

T Y M T ) N e
X X ’
d

SRR T &
1- H[by‘k ]H ~|elbM, wa‘ ]H

(29)

trong dé  f,, = >0 va f langhiém cia hé (1).

(iii) Néu f(o) dugc chon dii gan f sao cho f3,, Hf(o) _fo <1, thi day {f(v)} héitu vé [ dén

cdp 2 va théa mét ddnh gid sai s&

o
(30) Hf(v) fH MHf(O)—fHXj NVv=12..1

X Pu [
4. Tinh kha vi ciia nghiém

Trong phin nay, dya vao dinh ly diém bi't dong Banach va k&t qua ctia phan trén, chiing
toi ching minh tinh khé vi cia nghiém hé (1) tuy thudc vao tinh kha vi cia g, ®, Suk , ka Trudc
hét, ta b3 sung thém gia thiét sau:

Gia thiét (H"): ge C'(IR"), S,;,X,; €C(Q:Q), va ® e C'(QxIR;IR).
Gid st f e C! (Q;IR") 1a nghiém duy nh4t cda hé (1). Pao ham hai v& ctia hé (1), ta dugc

G £ @) =3 by S, (0 £ (S, () + G (),

k=1 j=1

trong d6



Gl (x)=g; (%)
(32) m n ) Xije (%) ) Xijie (%) )
+eY Y ay| @l x, [f(dt |+® x, [ £t X () f, (X () |
k=1 j=1 0 0
Vay néu f e C'(Q;IR")1a nghiém ctia he (1) thi F =(F,,...,F,)=(f!,.... f) 1a nghiém ctia
hé:

m n

(33)  F(x)=2> buSu(0)F (S (x)+GM(x),

k=1 j=1

Vx €[-b,b]; i =1,...,n, trong 46 G (x) cho bdi (32).

Ijsn e

V6i Ay € C(IR), dit | [4,,]]= Z; max sup| 4, (¥)|.

Gid st ring: l

(34) H[b,.ij i ]H = Z;kz; max leelg‘ by Sy (x)‘ <1.

Khi d6, ta cé.

B& dé 3. Gid sit (H") diing. Cho f € X = C(Q;IR") va G™M(x) cho béi (32) thod (34). Khi
dé, c6 hé (33) c6 duy nhat mét nghiem F = (FM,..,F") e X.

Chitng minh bd d@é 3. Xem([1].H

Vay véi gia thi€t (H") va (34), néu f e C'(€;IR") 1a nghiém ctia hé (1), thi F =(f,,..., f))
1a nghiém ciia hé (33). Theo b3 dé 3, h¢ (33) c6 mot nghiém duy nhat F! = (F",.., F') e X,
vay F = f' = (f/ s f})-

Do lai, véi gid thi€t (") va (34). Goi f € X = C(Q;IR") 1a nghiém duy nhat cta hé (1).
Khi d6 G™(x) cho bdi (32) hoan toan xéc dinh. Ta ciing chii y ring hé (33) c6 mot nghiém duy
nhat FU = (F",..,F"Y) e X. Ta s& chitng minh riing f € C'(;IR") va

FYW =" =(f/,..., f]). Tavi€thé (1) theo dang

(35) f =Vf trong X, =C'(Q;IR")

trong d6 Vf = & Af + Bf + g. D& thdy ring V : X, = X,. Khi do, ta c6.

Pinh Iy 7. Gid sit ® € C*(QxIR;IR), va (H") dugc théa. Khi d6 ton tai hai hing s&
M>0,e>0va0<p<lsaochoV:K, —K,, thod

[vr =i <p|r-7 wr.reki,

tix d6, hé (35) ¢6 duy nhdt mot nghiem f €K, .



TAI LIEU THAM KHAO

[1] Huynh Thi Hoang Dung, Pham Héng Danh, Nguyé&n Thanh Long, Xdp xi nghiém ciia hé phuong
trinh tich phédn-ham phi tuyén, Tap chi Khoa hoc Pai hoc Su Pham Tp. HCM, Vol 34, No.3 (2003),
38-48.

[2] T. Kostrzewski, Existence and uniqueness of BC[a,b] solutions of nonlinear functional equation,
Demonstratio Math. 26 (1993), 61-74.

[3] T. Kostrzewski, BC-solutions of nonlinear functional equation. A nonuniqueness case,
Demonstratio Math. 26 (1993), 275-285.

[4] M. Lupa, On solutions of a functional equation in a special class of functions, Demonstratio
Math. 26 (1993), 137-147.

[5] Nguyén Thanh Long, Nguyén Hodi Nghia, Nguyén Kim Khoi, Pinh Vin Ruy, On a system of
functional equations, Demonstratio Math. 31 (1998), 313-324.

[6] Nguyén Thanh Long, Nguyén Hoi Nghia, On a system of functional equations in a multi-
dimensional domain,Z. . Anal . Anw. 19 (2000), 1017- 1034.

[7]1 Nguyé&n Thanh Long, Pham Hong Danh, Nguyén Kim Khoi, Xdp xi nghi¢m ciia mét hé phuong
trinh tich phén béi mét ddy cdc da thitc hdi tu déu, Tap chi Khoa hoc Pai hoc Su Pham Tp. HCM,
tap 30, No.2 (2002), 36-43.

[8] Nguyén Thanh Long, Tran Ngoc Diém, Khai trién tiém cdn nghiém ciia hé phuong trinh ham,
Tap chi Khoa hoc Pai hoc Su Pham Tp. HCM, tip 26, No.2 (2001), 39-46.

[9] Nguyén Thanh Long, Solution approximation of a system of integral equations by a uniformly
convergent polynomials sequence, Demonstratio Math. 37 (2004), No.1, 123 -132.

[10] Nguyén Thanh Long, Linear approximation and asymptotic expansion associated with the
system of functional equations, Demonstratio Math. 37 (2004), No.2, 349 -362.

[11] Nguyén Hoi Nghia, Nguyén Kim Khoi, Vé mot hé phuong trinh ham tuyén tinh, Tap Chi Phét
Trié€n Khoa Hoc Cong Ngh¢, Vol. 3, No. 7&8, (2000), 18-24.

[12] Nguyén Hoi Nghia, Xdp xi nghiém ciia hé phuong trinh ham trong mién hai chiéu, Tap Chi
Phat Trién Khoa Hoc Cong Nghé, Vol. 5, No. 1&2, (2002), 56-65.

[13] C.Q. Wu, Q.W. Xuan, D.Y. Zhu, The system of the functional equations and the

fourth problem of the hyperbolic system, SEA. Bull. Math. 15 (1991), 109 -115.



