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BAN TOM TAT

Bai bao cao d& cap dén bai toan gia tri bién-ban dau cho phuong trinh séng tuyén tinh

u, —puu, +Ku+Au =f(xt), 0<x<,0<t<T,
u(0,t) =0,

—p(u, (1,1) = O(1),

M(X,O) = uo(x)’ ut (X,O) = ul (X),

trong do K, A 1a cac hang so va u,, u,, f, 4 1a cac ham cho trudc, an ham u(x,t) va gia tri bién

chua biét O(¢) thoa phuong trinh tich phan tuyén tinh
t

(b) O@) = K, (Du(l, 1) + A, ()u, (1,1) — (1) - Ik(f —s)u(l,s)ds,
0

trong d6 g, k, K, A, 1a cac ham cho trudc. Bai bao gbm hai phan. Trong phan 1, ching t6i ching
minh mét dinh 1y ton tai toan cuc va duy nhit nghiém yéu (u,Q) cua bai toan (a)-(b). Chirng minh
nho yélo phuong phap xap xi Gale‘rkin két hop véi mot s6 dén}} gia tién nghiém, cac 1y luan vé sy hodi
tu yéu va tinh compact. Trong phan 2, chiing t6i ching minh rang nghiém (u, Q) cua bai toan (a)-(b)
6n dinh déi voi dit kien (K, A, 1, 4, g,k K ).



ABSTRACT

This report deals with the initial-boundary value problem for the linear wave equation

u, —puu, +Ku+iu =f(x1), 0<x<L,0<t<T,
u(0,t) =0,

= u(@u, (1,1) = O),

M(X,O) = uO (X), ut (X,O) = ul ()C),

where K, A are given constants and u,, u;, f, g are given functions, the unknown function u(x,?)

and the unknown boundary value Q(¢) satisfy the following linear integral equation
t

() 90O =K ,Ou,0)+A,(O)u,(1,1)-g(t) - Ik(f —s)u(l, s)ds,
0

where g, k, K|, A, are given functions. The paper consists of two parts. In Part 1 we prove a theorem

of global existence and uniqueness of a weak solution (u,Q) of problem (a)- (b). The proof is based

on a Galerkin type approximation associated to various energy estimates-type bounds, weak-
convergence and compactness arguments. In the second part, we prove that the solution (u,Q) of

problem (a)-(b) is stable with respect to the data (K A AL fL g,k K, )

1. GIOI THIEU

Trong bai nay, ching toi xét bai todn: Tim mot cdp ham (1, Q) thda
(D) u, —puu, +Fuu)=f(xt), 0<x<1,0<t<T,
(2) u(0,7)=0,
3) —p(u, (1,1) = O(),
@) u(x,0) = u,(x), u, (x,0) = u, (x),
trong 46 F(u,u,)=Ku+ A u,, v6i K,A la cac hing sd va u,, u,, f, ¢ 1a cic ham cho trugc
thda mot s6 diéu kién sé dugc chi rd sao d6, 4n ham u(x,7) va gid tri bién chua biét O(¢) théa

mot phudng trinh tich phin

5) O@t) = K, (Ou(L,)) + A, (), (L£) — g(t) - jk(t — s)u(l, s)ds,

trong d6 g, k, K,,A, 1a cdc ham cho trudc.

Trong [9] Long, Ut va Trdc da xét bai todn (1), (3), (4) v6i diéu kién bién (2) thay bsi

(©) u(0,) =q(1),

trong d6 ¢(t) 12 ham cho trudc. Trong [9] ching toi da thi€t 1dp mot khai trién tiém cin nghiém
(u,Q) baitodn (1), (3), (4), (6) theo hai tham s& bé K, 1 .



Trong trudng hgp K = A4 =0, Santos [12] dd nghién cdu ddng di€u tiém can cta nghi€m bai todn

(1), (2), (4) lién quan dén diéu kién bién thudc loai memory tai x =1 nhu sau

t
7 u(l,t)+ j g(t—s)u(s)u (1,s)ds =0, t>0.
0
St dung todn tir Volterra nghich d4o, Santos [12] di bi€n d6i diéu kién bién (7) thanh (3), (5) véi

/
g (0) 1
Kl(t): aﬂ”l(t)z
g(0) 2(0)
(1) =1, bai todn (1)-(5) dugc xay dung tir bai todn (1)-(4) trong d6, 4n ham u(x,?) va gia tri
bién chua bi€t Q(¢) thda mdt bai todn Cauchy cho mdt phuong trinh vi phan thudng

1a cdc hing s§ duong. Trong trudng hgp 4, (1) =0, K,(t) =h >0,

) { 0" (1) + w*O(t) = hu, (1,¢), 0 <t <T,
0(0)=0,, 0'(0)=0,
trong d6 h >0, >0, Q,, O, 1a cdc hing s6 cho trudc [5].

Trong [1], An va Tri€u d3 nghién cfu mot trudng hgp riéng cla bai todn (1)-(4), (8) vé6i
uy,=u, =0,=0 va F(u,u))=Ku+Au,, véi K>0,1>0 1a cdc hiing s6 cho trudc. Trong
trudng hgp nady bai todan (1)-(4) va (8) 1a mot mo hinh todn hoc md td sy va cham ctia mot vat rin
va mot thanh dan hdi nhét tuyén tinh dit trén nén ciing [1]. Tir bai toan (8) ta bi€u dién ham Q()
theo Q,, O,, @, h, u, (1,¢) va sau d6 14y tich phan tirng phan, ta thu dugc

9) O(t)=hu(l,t)—g(t)— jk(t —s)u(l,s)ds,

trong d6

(10) g(t)=~(Q, ~ huy(h)cos et ~ (0, ~hu,(D)sin o,
w
(11) k(t)=ho sinwt.
Trong [2] Bergounioux, Long va Pinh d4 nghién citu bai todn (1), (4) v6i cic diéu kién bién (2),
(3) thay bdi
(12) u (0,¢) = hu(0,¢) + g(t) — J.k(t —s)u(0,s)ds,
0

(13) u (Lt)+ K, u(L,t)+4A,u,(1,t) =0,
trong d6
(14) g(t) = (Q, — hu,(0))cos wt +1(Q1 — hu,(0))sin o,
w
(15) k(t)=hw sinwt,
v6i h>0, >0,0,,0,K, 4, K,, A, 1a cic hiing s6 cho trudc.

Ciing cuing loai v4i bai todn trén, trong [11], Long, Pinh, Diém da nghién cifu bai todn bién phi
tuy&n dudi day



u,—u, +K|u|au+/1|ut|ﬂut =f(x1), 0<x<,0<¢t<T,
u,(0,1) = P(2),

(16) u (Lt)+Ku(l,t)+ Au,(1,t)=0,

u(x,0) = u,(x), u,(x,0) = u,(x),

P(t)=g(t)+hu(0,t)— j-k(t —8)u(0,s)ds,

trong d6 cac ham s6 u,,u,, f va cdc hing sd khong am K, K|, &, B, 4,4, 1a cho trudce.

Bai bdo gdm hai phian chinh. Trong phan 1, ching tdi chitng minh mot dinh 1y ton tai toan
cuc va duy nhat nghiém yé€u (u,Q) clia bai todn (1)-(5). Chi'ng minh nhd vao phuong phéap xap xi
Galerkin k&t hgp véi mot sd ddnh gid tién nghiém va cédc ly ludn quen thudc vé su hoi tu y&u va
tinh compact. Sy kh6 khin gip phdi & day 1 diéu kién bién tai x = 1. D€ gidi quyé&t sy khé khin
ndy, cdc gid thi€t manh hon vé di€u kién diu u, va u, s& dugc thanh lap. Ta chd ¥ ring phudng
phdp tuyén tinh héa trong cdc bai bdo [3, 6] khong st dung dudgc trong bai todn nay va trong [2, 4,
5]. Trong phan 2, chiing t6i thu dugc sy 6n dinh ctia nghiém (u, Q) cia bai todn (1)-(5) ddi véi cic
dir kien (K, A, 11, 4,, f,g.k,K,). Céc két qui thu dugc & diy da téng quit héa twong ddi cdc két
qua trong [1-3, 4-12].

2. PINH LY TON TAI VA DUY NHAT

bit Q=(0,1), O, =Qx(0,T), T > 0. Chiing ta bd qua cdc dinh nghia ctia cdc khong gian thong
dung nhu  C™(Q), L’ (Q), W™ (Q). Ta ky hieu W™ =W""(Q), L’ =W""(Q),
H" =W"*(Q), 1< p <o, m=0,l,...Chuin L’ dugc ky hiéu bdi | -|. Ta cing ky hiéu bsi (-,-)

chi tich v6 huéng trong L hay cip tich d6i ngiu clia phi€m ham tuy&n tinh lién tuc v6i mot phin
tlr cia mot khong gian ham. Ta ky hiéu bdi || . ||X 12 chudn cia mot khong gian Banach X va béi

X' 1a khong gian d6i ngiu cia X. Ta ky hiéu bdi L”(0,T;X), 1< p<o cho khong gian

T 1/p
2OrX) (I”u(f)”f(dtJ <o véi
0

= esssup|u(?)] véi p=o. Ky hiéu
0<t<T

Banach cdc ham u:(0,7) > X do dugc, sao cho ||u

1< p<oo, va ”” L7(0,7:)

0%u

(), u' () =u, (0),u" () = u, (1), u, (1), u (t) d€ chi u(x,o), %(x,t), 52 %D, Z—Z(x,t),

0%u

2
X

(x,1), 1an lugt. Ta dit

1
A7) V ={eH'(0,):v0)=0}, a(u,v)= Jﬁ_”@dx_
o Ox Ox

Mo va M, =atn) =

V' 1a khong gian Hilbert d6i véi tich vd huéng a(-,) va trén V,

vx

12 cdc chudn tuong duong. Ta thanh 1ap cdc gid thiét sau:



(H,)
K, elR,

(H,)
u, e H> vau, e H',

(H;)

g, K, A, eH' (0,T), A,(1)=1,>0, K,(¢)>0,

(H,)

ke H'(0,T),
(H;)

peH(0,T), u(t)> 14 >0,
(Hy)

f.fieL(©Q).

Khi d6 ta c6 dinh 1y sau.
Pinh Iy 1. Cho T > 0. Gid sit (H,)— (H) diing. Khi dd, ton tai duy nhdt mét nghiém yéu (u,Q)

ctia bai todn (1)-(5) sao cho
(18)

u(l,-)e H*(0,T), Qe H'(0,T).
Chii thich 1. T (18), thanh phan u trong nghiém yé&u (u, Q) cla bai todn (1)-(5) thda
(19)

{ ueLl”(0,T;VAH*),u, e L”(0,T;H"),u, € L”(0,T;L%),

ueC’(0,T;VYyNC (0,T; LY L*(0,T;V N H?).

Chiing minh Pinh 1y 1. Chitng minh nhd vao phuong phdp xap xi Galerkin k&t hgp v6i mot s6
ddnh gid tién nghiém, cdc 1y lun v& sy hoi tu y&u va tinh compact. Trong chitng minh ching toi
c6 diing dinh 1y diém bat dong Schauder d€ x{ Iy mot hé phuong trinh vi- tich phan. Ky thuit ndy
cling st dung trong cdc cong trinh khédc ctia ching t6i [7, 8]. Tuy nhién, chitng minh Pinh 1y 1 ciing
khd dai, chi ti€t c6 thé xem [10].H

3. TINH ON PINH CUA NGHIEM

Trong phin nay, ta gid st ring cdc ham u,, u, thod (H2 ) Do dinh 1y 1, bai todn (1)-(5) ¢6
mot nghiém y&u duy nhat (u,Q) phu thuoc vao K, A, i, A, f, g, k, K.
(20) u :u(Ka/laluaﬂ’l’fagakaKl)a Q = Q(Kaﬂ‘,luaﬂ’],fag:kaKl)a
trong dé (K,/l,,u,/ll,f,g,k,Kl) thod cdc gid thiét (Hl), (H3)—(H6) va u,, u, 12 cdc ham cd
dinh thod (H, ). Ta dt

S(ﬂ“oaluo): {(Kﬁﬂ’ﬂzuﬂ/ll’f’gakaKl) . (Ka/iaﬂ,ﬂq,f,g,k,Kl)
thod cdc gia thist (H, ), (H,)—-(H, )},

trong d6 A, 1, >0 1a cdc hiing s6 cho trudc.



Khi d6, ta c6 dinh 1y sau.
Pinh Iy 2. Cho T > 0. Gid sit (H,)—(H,) diing. Khi d6, nghiém ciia bai todn (1)-(5) la én dinh d6i
véi dit kien (K, A, 1,4, f,g,k,K,), i.e.,

Néu (K,/i,y,ﬂpl,f,g,k,K1 ), (Kj,/lj,,uj,ﬂ{,fj,gj,kj,Klj)e S(/lo,,uo), sao cho

‘Kj_K‘+‘ij_i‘_)0’ "uj_’u‘Hz(o,T)_)O’ H’I{_%Hm(o,r)_)o’
@D H fj -/ 20712 * f’j _f’ 2(0r;2) —0, H gj _gHHl(O,T) —0,
H k! _kHH‘(o,T) -0, H K‘j -k, HH‘(O,T) -0,

khi | —> +o0, thi

(22) (uj, ui’, u’(1,7), Q")—) (u, u,, u(l,), Q)

manh trong L~ (0, T;V)x L” (0, T;L* )x HI(O,T)X L’ (O,T)khi Jj = +o, trong do
u =u(K",/I",,Ltj,ﬂ{,fj,g",kj,Kl"lQ, :Q(Kj,ﬂj,y",l{,f’,gj,kj,K{).

Chii thich 3. K§ thuat chitng minh trong dinh 1y ndy ciing k& thira tif cdc cong trinh khic cda
chiing toi [7, 8]. Tuy nhién, cdc bai todn khio sit & d6 hoan toan khdc dong thdi cling khong giong
nhau vé thd thuit tinh toin.H
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