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BAN TOM TAT
Chung t6i xét bai toan bién -gia tri dau cho phuong trinh séng phi tuyén

u, —u, + fuu)=Fx,t), xeQ=(0,1), 0<t<T,
u (0,¢t) = P(t), u(l,t)=0,
M(X,O) = uO (X), ut (X,O) = ul (X),

trong d6 u,,u,,b, f,F 1a cac ham cho truéc, an ham u(x,¢) va gi tri bién chua biét P(¢) théa mot
phuong trinh tich phan phi tuyén sau day

P(t)=g(t)+ Hu(0,t))— jk(t —s)u(0,s)ds,

trong 46 g, H,k 1a cac ham cho trudc. Chung t6i chimg minh sy ton tai va c6 duy nhat mot nghiém
yéu cho bai toan, va ban vé tinh 6n dinh ciia nghiém (u, P) dbi véi cac ham b, F, g, H va k. Trong
chung minh, phuong phap Galerkin dugc st dung.

ABSTRACT

We consider the initial-boundary value problem for the nonlinear wave equation

u, —u_+ fuu)=F(x,t), xeQ=(0,1), 0<t<T,
u_(0,0)=P(t), u(l,t) =0,
u(x,0) = uy (x), u,(x,0) = u, (x),

where u,,u,,b, f,F are given functions, the unknown function u(x,#) and the unknown boundary

value P(t) satisfy the following nonlinear integral equation
t
P(t)=g()+ Hu(0,¢))— .[k(t —s)u(0,s)ds,
0

where g, H ,k are given functions. We prove the existence and uniqueness of weak solutions to the
problem, and discuss the stability of the solution (u, P) with respect to the functions b, F', g, H and
k. In the proof, the Galerkin method is employed.



1. PHAN MO PAU
Trong bao cdo nay, chung toi xét bai toan sau: Tim mot cap cac ham (u, P) thoa:

() u, —u_ +b(x,t)f(u,u,)=F(x,t), xeQ=(0,1), 0<t<T,
(2) u,(0,1) = P(2),

) u(l,5) =0,
4 u(x,0) =u,(x), u,(x,0)=1(x),

trong d6 u,,u,,b, f,F 1a cac ham cho trudc thoa cac dicu kién ma ta s€ chi ra sau. Ham chua biéct

u(x,t) va gia tri bién chua biét P(¢) thoéa mot phuong trinh tich phan phi tuyén sau day
t

(5) P(1) = g(0) + H(u(0.0)) ~ [kt = $)u(0,5)ds,
0

trong d6 g, H, k la cac ham cho trudc.
Trong [2], Piang Pinh Ang va Alain Pham Ngoc Dinh da thiét 1ap dinh 1y ton tai va duy nhét nghiém
toan cuc cho bai toan gia tri bi€n va ban dau (1)-(4) véi u,,u,, P 1a cac ham cho trude va

6 F(x,1) =0, b(x,1) =1,
© fu)=lu " u, (0<a<).

Bang su tong quat hoa cua [2], Long va Alain Pham [7, 10, 11], Long va Thuyét [13], Long va Diing
[14], Long, Tam va Truc [15], Hoa va Ngoc [8] dd xét bai toan (1), (3), (4) voi b =1 va lién két voi
diéu kién bién khong thuan nhat tai x = 0 c6 dang

(7) u (0,t) =g(t)+ Hu(0,t)) - jk(t —s,u(0,5))ds.

Céc tac gia trén da lan luot ctru xét no trong [10] voi k =0, H(s)=hs, trong d6 h > 0 trong [7] v6i
k = 0; trong [10, 15] véi H(s) = hs, trong 6 #>0. Mot s tinh chat v& compact va lién thong cua
tap nghiém cua bai toan (1)-(5) tmg voi b =1 ciing dugce xét trong [8].

Trong truong hop b =1, H(s)=hs, trong d6 ~>0, bai toan (1)-(5) dugc thanh 1ap tir bai toan (1)-(4),
trong d6, ham chua biét u(x,7) va gia tri bién chua biét P(¢) théa mot bai toan Cauchy sau ddy cho
mot phuong trinh vi phan thuong

8) P'(t)+ @ P(t) = hu,(0,¢), 0<¢t<T,
©) P(0)=F, P'(0)=A,

trong 46 @ >0, h>0, P, P 1a cac hang s6 duong cho trude [11].

Trong [1], Nguyén Thic An va Nguyén Pinh Triéu di nghién ciru mot trudong hop riéng cia bai toan
(1)-(4), (8), (9) V6i ue=u;=Py=0 va véi b(x,O)fuu)-Flx,t)=f(u,u;) tuyén tinh, nghia 14,
fi(u,u)=Ku+au, trong @6 K, A la cac hang sé cho trudc. Trong truong hop sau, bai toan (1)-(4), (8)
va (9) la md hinh toan hoc mo ta sy va cham ctia mét vét ran va thanh dan hoi nhét tuyén tinh tua trén
mot nén cung([1,19]). Nhu vay bai toan nghién ctru ¢ ddy 1a phi tuyén tuong tu bai toan dugc xét
trong [1,19].



Trong trudng hop ma b(x,?) f(u,u,)— F(x,t) =|u, |* sign(u,), bai toan (1)-(4), (8) va (9) mo ta su
va cham cia mdt vat rin va thanh dan hdi nhét tuyén tinh vo6i rang budc dan hoi phi tuyén O mat bén,
rang budc lién két voi lyc can ma sat nhét. Tt (8), (9) ta biéu dién P(¢) theo B, B, w, h, u,(0,1) va
sau do tich phan ting phan ta thu duoc

(10) P(t) = g(t)+ hu(0,1) — Ik(t —s)u(0,s)ds,
0
trong dé

(11) g(t) = (B, — huy(0))cos et + (P, — hu,(0)) sin aX ’
®

(12) k(t) = hwsin wt.

Bang cach khir an ham P(7), ta thay thé diéu kién bién (2) boi

(13) u, (0,¢) = g(¢) + hu(0,¢t) — jk(t —s)u(0,s)ds.

Khi d6, chung ta dua bai toan (1)-(4), (8), (9) vé (1)-(4), (10)-(12) hay (1), (3), (4), (11)-(13).

Trong [20], ching t6i chimg minh bai toan (1)-(5) ¢6 duy nhat nghiém yéu toan cuc va nghiém nay
cling 6n dinh v6i cac ham g, H va k.

Ciing cung loai véi bai toan trén, Long, Ut va Triic [16] d4 clru xét bai toan bién thudc dang

(14)

u, —puu, +Ku+Au, = f(x,t), 0<x<l, 0<t<T,

u(0,0) =0, —p(0yu,(1,1) = Q(),
u(x’ 0) = uO (X), ut (xa O) = ul (.X),

o) = K, (u(l,0) + 4 (O)u, (1,6) = g (1) — jk(f —s)u(l, s)ds,

trong 46, u,, u,, f, g, k, 4, K,, A, 1a cac ham cho trude, K, A 14 cic hang sb khéng am cho trudc.
Ciing vay, Long, Pinh va Diém [17] nghién ctru bai toan bién phi tuyén dudi day

(15)

u, —u, +K|ulu+d|u |’ u =f(x,1),0<x<l, 0<t<T,
—u (0,t) = P(t), u (1,t)+ Ku(l,t)+ Au,(l,1)=0,
u(x,0) =11y (¥), 14, (x,0) = 1, (x),

P(t)=g(t)+ hu(0,t) - j.k(t —s)u(0,s)ds,

trong do, u,, u,, f, g, k 1a cac ham cho truée, h, K, K,, A, A, & va [ 1a cac hang s6 khong am
cho trudc.



Béo céo nay gdm 2 phan. Phan 1, véi mot sb gia thiét thich hop trén u,, u,, b, f, F, g, H, k,

chung ti chirg minh bai toan (1)- (5) c6 duy nhit mot nghiém yéu toan cuc. Chirng minh dugc dya
vao phuong phap Galerkin lién két voi cac danh gia tién nghiém cung v6i k¥ thuat hoi tu yéu va vé
tinh compact. O phan nay, dinh 1y Schauder ciing duoc sir dung trong viéc chimg minh ton tai nghiém
xap xi Galerkin. Mot diéu chii y & ddy rang phuong phap xap xi tuyén tinh trong cac bai bao [6, 12,
15, 18] khong sir dung duoc trong bai nay va trong cac bai bao[2, 4, 5, 7, 10, 11, 13, 14]. Phan 2,
chung t6i chimg minh rang nghiém (u, P) cua bai toan (1)-(5) 1a 6n dinh d6i voi cac ham b, F,g, Hva
k. Két qua thu duogc ¢ trén da tong quat hoa tuong ddi cac két qua trong [1-3, 5-7, 10-20].

2. SU TON TAI VA DUY NHAT NGHIEM

DAu tién, ta dit cac ky higu sau Q = (0,1), O, =Qx(0,T), T>0, va bé qua
dinh nghia cac khong gian ham thong dung: C” (5), L’(Q), H"(Q), W™” (Q). Dé cho gon, ta ky
hiéu lai nhu sau L7 (Q) =17, H"(Q)=H", W™ (Q)=W"". Chuan trong L* dugc ky hiéu |.|.
Ta cling dung ky hiéu <-, > cho tich v6 hudng trong L hodc dé chi cip tich ddi ngiu ciia mot phiém
ham tuyén tinh lién tuc véi mot phan tir cua khong gian ham. Ta ky hiéu ||.|[y dé chi chuan trong mot
khong gian Banach X va goi X khong gian ddi ngiu cua X. Ta ky hiéu L” (O, T;X), I<p<oo, la
khong gian cac 16p tuong duong chita ham u : (0, T ) — X do duogc, sao cho

T 1/p
(0.7:) (ﬂ\u(t)Hf( dtJ <00, véi 1< p<oo,
0

e,
hay

e 1.0 = esssup ] vei p=ce
Ta dinh nghia

V={eH v1)=0} va
1
<u,v>V = <u/,v/> = Iu/(x)v/ (x)dx.
0
¥ 1a khong gian con déng cua H' , do d6, ¥ 1a khong gian Hilbert d6i voi tich vo huéng cua H' . Mat
khac trén V, [[v],, va [[v|,= <v/ ,v/> la hai chuan twong duong. Hon nita, phép nhung

D C’ (5) la compact va || v|| | v|l, véimoi v V. Mit khac, néu ta dong nhat L* véi ddi

C”(m
nglu ctia no, ta c6 VO L’D V', véi cac nhing lién tuc va nim trit mat.
Ta cling dung cac ky hiéu u(t), u' (6) =u, () =u(), u'(t)=u,@)=ii(t), u,(t)=Vu(r),

0u ou 0u

u,, (1) = Au(t) dé chi u(x,?), ( 1), v —(x,1), 5 —(x,1), —5(x,), 14n luot. Ta thanh lap
x x

cac gia thiét sau:



(4) b e C*(Qx[0,+)), b>0;

(4,) uye H', u, € L’;

(4,) ge H'(0,T) YT >0;

(4,) ke H'(0,T) VT >0 vak(0)=0;

(45) FeL’(0;), 0, =Qx(0,T);
(A¢) Haimsé H € C' (IR) thoa H(0) =0 va ton tai mot hang sé /4, > 0 sao cho

n
H() = [ H(s)ds > ~hy, v6imoi 7 € IR;
0

(F) Hamsd /- IR — IR thoa £(0,0)=0 va céc diéu kién
(F)) £ 1a don diéu khong giam ddi v6i bién thir hai, tic
1a

(f (,v) = f(u,v)(v=) 20, Vu, v, ve IR.
Tdn tai hai hang s6 «, pe (0,1] va hai ham sb lién tuc By, B,: IR, — IR, sao cho

(F2)

‘f(u,v) — f(u,\:)‘ < B, (|u|)‘v— \:‘a Yu, v, velR,
(F5)

‘f(u,v) — f(;t,v)‘ <B, (|v|)‘u —Zt‘ﬁ Yu, u, ve IR.

Khi d6 ta c6 dinh 1y sau.

Pinh 1y 1. Gid sit (A))-(Ae) va (F)-(F3) diing. Khi @6 véi moi T >0, ton tai mot nghiém yéu (u, P)
cua bai toan (1)-(5) sao cho

(16)
ueL”(0.T:V), u, € L* (0,77, u, (0. ' (0,T), (17)
PeH'(0,T).
Hon nita, néu 8 =1 trong (F5) va cdc ham s6 H, B, thod thém cdc diéu kién,
(A4) H e C*(IR), H'(s) > -1 Vs € IR,
(Fs) B,(|v) e L' (Q))

Vve L(Q;),VT > 0.
Khi @6 nghiém bai todn la duy nhdt.
Chtrng minh Pinh 1y 1 dugc ching minh chi tiét trong [20].m
Chii thich 1. Két qua nay manh hon két qua trong [10]. That vy, twong tng vdi cling bai toan (1) —
(5) v6i k(t)=0 va H(s)=hs, h>0, cic gia thiét sau day di dung trong [10] ma khong can thiét

sur dung & day:
(18) 0<a<l1, Bi(u])

SLU(Q) Vuel (0T).VT>0. (9



B, B, 1a cac ham khong giam.

Két qua thu duge ¢ ddy di tong quat hoa két qua trong [13] va chira dung truong hop b(x,t) =1,
F(x,t) =0 nhu la mét truong hop riéng.

Chii thich 2. Diéu kién k(0) = 0 trong (A4) 12 k¥ thuét, ta c6 thé bo qua.
Trong truong hop riéng cua H voi H(s) = hs, h > 0, dinh 1y sau day 1a hé qua cta dinh 1y 1.

Pinh 1y 2.Gia sir (A))-(A4) va (F\)-(Fs) ding. Khi @6, véi méi T >0, bai todn (1)-(5) cé it nhat mot
nghiém yéu (u,P) théa (16), (17).

Hon nita néu =1 trong (Fs) va ham B, théa (Fy), khi d6 nghiém nay la duy nhat. ®

Dinh 1y 2 cho cung két qua trong [11] nhung gia thiét “B, khong giam” di dung trong [11] thi
khong can thiét ¢ day.

Trong truong hop riéng vai k(f) = 0, két qua sau day 1a hé qua cua dinh 1y 1.

Pinh 1y 3. Gid st (A1), (As), (As), (As) v (F1)-(Fs) diing. Khi d6 véi méi T >0, bai todn (1)-(4)
twong 1ng véi P = g c6 it nhat mot nghiém yéu thod (16).

Hon nita, néu B =1 trong (Fs) va néu cic ham H va B, lan lwot théa cdc gia thiét (Aé) va (F,),
khi d6 nghiém nay la duy nhat.

Chu thich 3. Gidng nhu chu thich 2, dinh 1y 3 cling cho cung két qua trong [7] nhung gia thiét: “B,
khong giam” da dung trong [7] thi khong can thiét & day.

3.SU ON PINH NGHIEM
Trong phan nay, ta gia st rang /8 =1 trong (F3) va cac ham H, B, lan luot thoa (Aé ), (F4). Do dinh

Iy 1 bai toan (1)-(5) c6 nghiém duy nhét (u,P) phu }hu@c vao g, k, H. nhu sau: u = u(b,F,g,k,H), P=
P(b,F,g,k,H), trong do b, F, g, k, H thoa cac gia thiét (A;), (A3)-(Ag) va uy, uy, f 1a cac ham co dinh
thoa (A»), (F1)-(F,). Ta dat

3(hy, H,) = {H e C*(IR): H(0)=0, IH(s)ds > —h,,

H'(x)>-1, Vxe IR, ‘5‘115(|H(s)| +|H (9)) < Hy (M), VM > 0},

trong do 4, >0 1a héng sb cho truéc va Hy - IR, — IR, 13 ham sd cho trude.
Khi d6 ta c6 dinh 1y sau.

Dinh Iy 4. Gia st f =1 va (Ay), (F\)-(Fs) dung. Khi dé, véi moi T > 0, nghiém cua bai todn (1)-(5)
la on dinh doi véi dir  kien b, F, g k H, ke la, néu
(b,F,g,k,H), (b,,F,,g,.k;,H,)eC" (Qx[O,T])xLZ(QT)xHl(O,T)xHl(O,T)xS(hO,HO),
b, b, 20, k(0) =k, (0)=0, sao cho (b;,F,,g,,k;,H,) > (b,F,g,k,H) trong
C’ (QX[O, T])><L2 (O)xH'(0,T)x H'(0,T)x C' ([-M, M) manh khi j — +w, véi moi M

> 0.
Khi do



(uj, uJ/ , u;(0,t),P;) - (u, v, u(0,t), P) trong

L7(0,T;V)x L*(0,T; ) x C°([0,TT) x C° ([0, T]) manh, khi j — o0, véi moi M>0, trong do u; =
u(b;,Fj,g;.k;,H;), P; =P(b;,Fj,g;.ki, Hj).

Chirng minh. Ching minh Binh 1i 4 kha dai va chi tiét chimg minh s& duoc cong bé noi khac. =
Chi thich 4. Trong [20] ching t61 da chimg minh nghiém cta bai toan (1)-(5) 1a 6n dinh doi vdi ba
ham g, k, H, tic la , néu

(g,.k;,H,)—>(g,k,H) trong H'(0,T)x H'(0,T)xC'([-M,M]) manh,

khi j — +oo, voi moi M >0.

Khi do
(uja u_: s u/(Oat)’Pj) - (ua M/, M(O,t), P) tI'OIlg

L7(0,T;V)x L*(0,T; L*)x C°([0,T]) x C°([0,T])

mgnh, khi j — oo, vdi moi M, trong do u; = u(b,F.g;k;,H;), P; =P(b,F.g;,k;,H,), b, F la ham khong am,
co dinh cho trudc thoa (A,), (As).
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