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TOM TAT

Do tin cdy va tinh thiét thyc ciia viéc m6 phong mot qua trinh vat Iy khong nhitng phu thude vao
md hinh toan hoc moé ta qua trinh, thuong ¢ dang nhiing phuong trinh vi phan, ma con phu thudc vao
d6 chinh xac va tinh hiéu qua ctia phuong phap sé ding dé giai cic phwong trinh vi phan d6. Bai bao
nay trinh bay co s& 1y thuyét mot phuong phap sé méi mang tén phuong phap Tap muc Khong ludi
(Meshless Level set method) trong d6 nhiing tinh nang vu viét cua 2 nhom phuong phap khong ludi
(meshless) va tap mic (level set) duogc tich hop dé giai cac bai toan bién di dong. Mot s6 bai toan mau
giai bang phuong phap nay duoc trinh bay trong bai bao dé minh hoa cho d6 chinh xac va tinh higu
qué ciia n6 ciing nhu kha nang ng dung ciia phwong phap trong nganh k¥ thuat dau khi.

ABSTRACT

The reliability and usefulness of the numerical simulations of a physical process depend not only
on the mathematical model representing the process, normally in forms of differential equations, but
also on the accuracy and efficiency of the numerical methods for solving such equations. This paper
presents the theoretical basics of a new numerical method, namely Meshless Level Set method, in
which the advantageous features of meshless methods and level set methods are integrated to solve
moving boundary problems. Some benchmark problems solved by the method are presented to
demonstrate the accuracy and efficiency of the method as well as its potential applications in
petroleum engineering.

. A thong thuong khong thé dung phuwong phap giai
1. GIOI THIEU . s s ‘g . g‘p. g prap 8 ,
: tich dugc. Thay vao d6, nguoi ta st dung cac

Pa s6 mé hinh toan mé ta mét qué trinh vat phuong phap sé dé tim nghiém gan ding cia

ly thuong ¢ dang cac phuong trinh vi phan. Ddi
v6i bai toan da bién, ta co cac phuong trinh vi
phan riéng phan. Viéc tim nghiém cua nhimg
phuong trinh nay ndi chung la phuc tap nén

chung. Hién nay cac phuong phap sé dugc sir
dung phé bién gdm co phuong phap sai phan
hitu han (finite difference method - FDM), phan
ttr hiru han (finite element method - FEM), khéi



hitu han (finite volume method - FVM), v.v....
Xin xem [Tannehill et al. (1997), Chung (2002)]
dé biét thém chi tiét. Cac phuong phap nay dugc
goi chung la phuong phap roi rac hoa theo
khoéng gian. D6i véi cac bai toan phu thudc thoi
gian, ta can thém cong cu s6 dé roi rac hoa
phuong trinh vi phan theo bién thoi gian. Xin
xem [Quarteroni and Valli (1994), Quarteroni et
al. (2000)] dé biét thém chi tiét vé cac phuong
phap nay.

Néu nhu cac phwong phap FDM, FEM,
FVM, v.v... roi rac hoa phuong trinh vi phan
trén co s& chia nhd mién tinh toan thanh mot
ludi (mesh) gdm nhitng phan tir rang budc 1an
nhau trén ludi theo nhiing nguyén tic xac dinh
(ta goi chung cac phuong phap nay la nhom
phuong phap dwa vao ludi) thi ddi véi cac
phuong phap Khong ludi, mién tinh toan dugc
chia thanh mot tap hiru han cic diém roi rac, c6
thé b tri ty ¥ (unstructured) va khong c6 bét
ky mbi rang budc ndo vé vi tri twong ddi gitra
chung trong qua trinh tinh toan. Két qua 1a cac
phuong phép khong ludi rat thich hop cho cac
bai toan ¢ bién dang 16n (nhu trong co hoc ran
nut) hodc cac bai toan co6 bién di dong (nhu du
doan qué trinh dién khuon duc hoic mé phong
mit tién dau-nudc/khi-dau trong qua trinh bom
ép/thu hoi ting cuong dau) trong khi déi véi cac
phuong phap dua vao ludi, viéc giai cac bai toan
nay s& rat phirc tap (d6i khi lam giam d¢ chinh
xac cua 10i giai) do phai thuong xuyén diéu
chinh ludi bi bién dang trim trong. Cé nhidu
phuong phap khoéng Iudi [Kansa (1990a,b),
Aluri (2002)], trong d6 c6 phuong phap Indirect
Radial Basis Function Networks (IRBFN) [Mai-
Duy and Tran-Cong (2001,2003)] dung dé giai
cac phuong trinh vi phan khong 1¢ thudc thoi
gian. Phuong phép nay gin diy di dugc mo
rong dé giai cac bai toan phu thudc thoi gian
[Mai-Cao and Tran-Cong (2003,2004,2005)].

Céac phuong phap sé dé giai bai toan bién di
dong da va dang duoc cac nha nghién ctru quan
tdm vi tinh phtc tap cua ban than cac bién di

dong (moving boundaries). C6 hai nhém
phuong phap s6 duoc str dung cho cac bai toan
dang nay: Nhom phuong phéap dua trén ludi di
dong va nhom phuong phap st dung lu6i cb
dinh. Phuong phap Tap muc (level set method)
thudc nhom phuong phap thir hai, do Osher and
Sethian (1988) d¢ xuit. Phuong phép niy ban
dau dugc thiét 1ap dé su dung v6i nhom cac
phuong phap dua vao ludéi nhu FDM, FEM,
FVM [Sethian (1999), Osher and Fedkiw
(2003)]. Trong bai bao nay, phuong phap tap
mirc dwoc trién khai trén nén tang ciia phwong
phap khong ludi IRBFN.

2. CO SO TOAN HQOC

2.1. Phwong phap Tap mirc

Trong phuong phap Tap muc, bién di dong
I'(t) cia mién Q c R dugc xem la tip mirc
khong (zero) ciia mot ham ¢(x,t), goi 1a ham tép
mirc, trong khong gian R°

L(t) = {x e R* [4(x,t) = 0} (1)

Ham ¢(x,t) c6 thé chon tuy y v6i didu kién
phai 1a ham tron. Trong [Sethian (1999), Osher
and Fedkiw (2003)] , ¢(x,t) dugc chon l1a ham
khoang cach sao cho

+d(x,1),xeQ’
d(x, 1) = 0 xel ()
—d(x,t),xeQ”

Trong d6 d(x,t) 12 khoang cach tir diém x dén
bién di dong; Q va Q 12 mién bén ngoai va bén
trong bién tuwong ung. Nhu viy, trong phuong
phap tap mirc, d6i tugng nghién ctru 1a ham tap
mirc ¢(x,t) chuyén dong véi van toc “md rong”
(extended velocity) V thay vi la bién I'(t) di
chuyén véi tbc d6 F [Osher and Sethian (1988)].
Phuong trinh chuyén dong cua ham tdp mirc
twong tng voi dich chuyén cia bién trong
truong van toc V ctia mdi truong xung quanh
nhu sau:



%+V-V¢:O (3)

O mot thoi diém bat ky, thong tin vé bién di
dong (vi tri, hinh dang, d6 cong, v.v...) c6 thé
duogc tai tao tir ham tip muc ¢(x,t) bang cach
xac dinh tdp hop cac doan trén I'(t) sao cho
O(x,t) trigt tiu.

Do phuong trinh (3) duoc giai bang phuong
phap s nén chi sau mot bude thoi gian d(x,t) s&
khéng con 1a ham khodng cach. Vi vay viéc tai
thiét 1ap ham tap muc thoa diéu kién (2) 1a mot
budc can thiét va dugc thuc hién bang cach tim
101 giai dirng (steady) cho bai toan sau [Sussman
et al. (1994)]

o¢

=S|V .

P(x,t=0)=¢(x)

& do S, 1a mot ham tron sao cho

¢

/az 4 g2

v6i € 1a khoang cach ngin nhit giita mot

S,(¢) = (4b)

diém bt ky véi cac diém khac trong mién tinh
toan. Co s& 1y thuyét ciing nhu cac tmg dung
tiéu biéu cua phuong phap nay duoc trinh bay
chi tiét trong [Sethian (1999), Osher and Fedkiw
(2003)].

2.2. Phwong phap Khong lwéi IRBFN

Xap xi G(X,t)ctia ham u(x,t) co thé dugc

viét & dang t6 hop tuyén tinh ciia N ham co s
N
UOGE) =00t =D W (HG () =g" WD) (5)
i=1

Trong d6 g(x)=[g1(x),&:(x),....ex(x)]" 1a tap
cac ham co s& cho trudc; w(t)=[w(t),...,wn(t)]"
la tap N trong sd can tim. Véi mot tap hop M
diém trong mién tinh toan va gia tri ham twong
(g tai cac diém do6 tai thoi diém t, U(t)=[U,(¢),

Us(b),...,Unm(D)], bang cach thay

w(t) =G 'U(t) vao phuong trinh (4), ta co

cong thirc x4p xi ham
G(x,t)=g" ()G U (1) (6)

Trong d6 G la ma trin dugc xac dinh b'fmg
cach ap dung (5) tai M diém trong mién tinh
todn véi tap cac ham co s¢ da cho g(x). Trong
phuong trinh (6), gia tri ham tai cac diém nit
U(t) 1a bién can tim. Pao ham bac nhat va bac
hai cua ham u(x,t) dugc xp xi bang cach lay
dao ham phuong trinh (6) twong ng:

0,60 =9," ()G U (72)

0, (=g, 0G'U(®)) (7b)

Néu nhu trong phuong phap Kansa (1990a),
ham co s& g(x) trong phuong trinh (5) duoc
chon 1a ham multiquadrics (MQ) thi trong
IRBFN, g(x) la dao ham bac k cua ham
multiquadrics hoac thin plate splines (TPS). Da
s6 cac bai toan trong linh vuc Co hoc Chét long
Tinh toan (Computational Fluid Dynamics -
CFD) duoc giai véi k=2. Chi tiét vé co so ly
thuyét ciia phuong phap IRBFN ciing nhu tmg
dung ctia n6 dé giai cac toan phu thudc thoi gian
dd duoc trinh bay trong [Mai-Cao and Tran-
Cong (2005)].

3. PHUONG PHAP TAP-MUC KHONG-
LUOGI VA CAC BAI TOAN MINH HQA
Quy trinh gidi mot bai toan bién di chuyén bj

dong dudi tac dung cua trudng van toc khong

d6i bang phuong phap Tap muc khong ludi bao
gdm céc budc sau:

Budc 1: Xay dung ham tdp mirc ban dau 1a
ham khoang céach thda phuong trinh (2);

Budc 2: Thuc hién dich chuyén ham tép muc
trong mot budc thoi gian bang cach giai phuong
trinh (3);

Budc 3: Tai thiét 1ap ham tdp muc thoa
phuong trinh (2) bang cach tim 10i giai ding cho
phuong trinh (4a,b). Thong tin vé bién di dong &



thoi diém dang xét co thé tai tao bang giai thuat

ldy dudng ddng mirc zero clia ham ¢(x,1);

Budc 4: Quay lai budc 2 cho budc thoi gian
ké tiép hodc két thuc qua trinh khi thoi gian mé
phong dat dén gia tri gii han cho trude.

Trong bai bao nay, cac phuong trinh vi phan
o budc 2 va 3 duogc giai béng cac luoge dd sb dua
trén phuong phap IRBFN mo ta trong [Mai-Cao
and Tran-Cong (2005)].

3.1. Bai toan bot xoay tron

Xét mdt bot hinh tron ban kinh r=0.15 ban
dau duoc dat tai vi tri (0.5,0.7) trong mién chix
nhat [0,1] x [0,1] co trudng véan tdc xoay (u,v)
duoc xac dinh nhu sau:

Initial zero contour

u=-sin(nx) cos(my)

v=-Cc0s(7tX) sin(my)

Két qua mod phong & nhiéu thoi diém khéc
nhau dugc trinh bay trong hinh 1. G mdi thoi
diém, giai thuét trich dudong ddng mirc zero cua
ham tap mirc cho ta bién dang bot c6 dang da
giac khép kin. Dién tich ctua hinh da giac nay
chinh 1a dién tich cua bot & thoi diém tuong
mg. Két qua tinh toan cho thay ti 18 phan trim
thay d6i vé dién tich cua hinh tron trong sudt
qua trinh mo6 phong khong vugt qua 2% voi mat
d6 diém trong mién tinh toan 1a 32 x 32.

Initial level set function

Hinh 1: Bai toan bot xoay tron



zero contour at t=1.70833

Level set function at t=1.70833
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Hinh 2: Bai toan bot xoay tron (tiép theo)

3.2. Bai toan 4 bot di dong trong dong chay
X04y

Céac bot ban dau duoc bd tri ngﬁu nhién nhu
& hinh 2 trong mot trudng van tdc xody gidi han
trong mién [-1,1] x [-1,1]. Cac hinh bén trai cua
hinh 2 thé hién bién di dong 1a duong dong mirc
zero (mau xanh duong, trong cung) ¢ cac thoi
diém ban dau va t=4.1333. Bén phai 1a ham tap
mirc & cac thoi diém tuong tmg trén d6 bién
dang cua 4 bot di dong duoc gén vao. Nhu vay
thay vi theo ddi su chuyén dong va bién dang
cua ban than 4 bot di dong, ta quan sat ham tap
mirc di chuyén theo quy luat (3) va trich duong
ddng muc zero ciia né dé co bién dang cua cac
bot & thoi diém can quan tim. Vi phuong phép
Tap mirc Khong Iudi, sy két dinh va tach roi

gilra cac bot dugc mo phong hoan toan theo quy
trinh 4-budc tong quat mo ta & trén ma khong
can phai xtr 1y cho ting truong hop riéng biét
nhur trong cac phuong phéap truyén thong khéc.

4. KET LUAN & HUONG PHAT TRIEN

CUA PE TAI

Phuong phap Tép muc Khong ludi duge xay
dung trén co s trién khai phwong phap Tap
mirc trén nén khong ludi cua phwong phép
IRBFN. Qua céc bai toan mau trinh bay trong
bai bao, phuong phap mdi cho thay d6 chinh xac
va tinh hi€u qua cao cua n6 khi gii cac bai toan
phu thudc thoi gian, trong d6 mé hinh cac bot di
dong co thé dugc mo rong dé moé phong ché do
dong chay cua hdn hop dung dich trong 6ng
khai thac.



Initial zero contour

Initial level set function

Hinh 3: Bai toan 4 bot di dong trong dong chay xoay

Pay chinh 13 hudéng phat trién cia dé tai

trong d6 c6 xét toi sy phan chia thanh nhiing bot

thir cap ciing nhu sy két hop giira cac bot khi

trong qua trinh di tir day giéng 1én bé mit. Ngoai

ra, cac mo hinh chét long phi Newton (non-

Newtonian fluid) cling s& dugc xem xét dé mo ta

tmg x\r phirc tap ciia hon hop dung dich khai
thac.
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