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BAN TOM TAT

Chung t6i xét bai toan gia tri bién-ddu cho phuong trinh song phi tuyén
u, —u, +K|u|a_2u +/1|ut|ﬁ_2ut = f(x,t) trong mién 0<x<1, 0<z<T7. Diéu kién bién tai diém
x=0 chira s6 hang tich chap theo bién thoi gian cua gia tri bién ctia u tai x =0 nguoc lai Diéu kién
bién tai diém x=1 c6 dang u (1,£)+ Ku(l,t)+Au,(1,t)=0 v6i K, va A, 1a cic hang s6 khong
am cho trudc. Ching tdi chimg minh bai toan nhu t}}é c6 nghiém duy nhét trong cac khong gian
Sobolev co dién. Chung minh dua vao phuong phap xap xi Galerkin, mot s6 danh gia nang lugng va
1y luan vé tinh compact. Trong truong hop a = =2, tinh tron ciia nghiém ciing dugc nghién ctru.
Cubi cing, chung t6i ciing thu dugc mot khai trién tiém cén nghiém (u, P) cua bai toan dén cép
N +1 theo haai tham s6 K, A.

ABSTRACT

We consider an initial boundary value problem for a nonlinear wave equation
u, —u, + K|u|a_2u + /1|ut|ﬁ_2ut = f(x,t) in the domain 0<x<1,0<¢<T7. The boundary
condition at the boundary point x =0 of the domain for a solution u involves a time convolution term
of the boundary value of u# at x =0 whereas the boundary condition at the other boundary point is of
the the form u (1,¢)+ Ku(1,t)+ Au,(1,t)=0 with K, and A, given non-negative constants. We

prove existence of a unique solution of such a problem in classical Sobolev spaces. The proof is based
on a Galerkin type approximation, various energy estimates and compactness arguments. In the case of
a = [ =2, the regularity of solutions is studied also. Finally, we obtain an asymptotic expansion of

the solution (u, P) of this problem up to order N +1 in two small parameters K, A.



1. GIGI THIEU
Trong bdo cdo nay ching toi xét bai todn sau: tim cip ham s§ (u, P) sao cho

u, —u_+Fu,u)=f(x1), xeQ=(01),0<t<T, (1)

u,(0,7) = P(2), (2)
u (L)y+Ku(,t)+ Au,(,t)=0, (3)
u(x,0) =u,(x), u,(x,0) =u,(x), 4)
F(u,u,) =K|u a_2u+l|u,|ﬂ_2ut, (5)

trong d6 u,,u,, f 1a cdc ham s6 cho truGe va K,K,,A>0,4, >0 va a, >2 1a cdc hiing s6 cho
trudc, ham phdi tim u(x,7) va gid tri bién chua bi€t P(f) thda min bai todn Cauchy cho phuong
trinh vi phan thudng nhu sau

{ P/ (t)+ @’ P(t) = hu,(0,1), 0<t<T, ©

P(0)=F,, P'(t)=F,
v6i @ >0,h>0, B, va P, 1a cdc hiing s6 cho trudc.
Trong [1] da nghién ctu mot trudng hgp didc biét cia bai todn (1)-(6) véi u, =u, = F =0 va
a = 3 =2, trong d6 diéu kién bién (3) dugc thay bdi

u(l,¢t) =0, (7)
Trong trudng hop nay bai todn (1), (2), (4)--(7) 12 md hinh todn hoc mo ta sy va cham clia mot vat
rin va mot thanh dan nhét tuy€n tinh twa trén mot nén cung [1].

Chi y ring tr (6) ta biéu dién P(f) theo
Py, P,w,h,u, (0,t) va sau d6 tich phan ting phin, ta thu dugc

P(t)=g(t)+ hu(0,¢) - j.k(t —s)u(0,s)ds, ()

trong d6

~ - sinwt
g(t) = (B, — hyuy(0))coswt + (P, — hyu,(0)) .

©)
k(t)=hosinwt.
Biing cdch khit b6t mot 4n ham P(¢) thi diéu kién bién (2) ¢6 dang

u (0,¢) = g(t)+ hu(0,1) — j.k(t —s)u(0,s)ds. (10)

Vay ta dua bai todn (1)-(6) vé bai todn (1)-(5), (8) hoic (1), (3)-(5), (10) v6i cdc ham g(¢), k(¢)
cho truéc nhu (9).

Trong [2], Bergounioux, Long, Pinh did xét bai todn (1)-(5), (8) véi a = f =2. Trong
trudng hdp niy, bai todn md ta sy va cham clia mdt vat rin vi mot thanh dan nhét tya trén mot
nén dan hdi nhét véi raing budc dan hodi tuyé&n tinh tai bé mit, cdc rang budc lién k&t v6i mot luc
cdn ma sat nhdét.



Trong bai niy ching td6i mudn dé cap la bai todn (1)-(6) v6i a >2, >0 Ia cic hing s&
cho truc. Trong trudng hgp ndy bai todn (1)-(6) 12 mo6 hinh todn hoc md ta sy va cham ctia mot
vat rin va mot thanh dn hdi nhét phi tuyén tura trén mot nén dan hdi nhét [8]. Chiing tdi ciing thu
dugc sy ton tai nghiém toAn cuc cla bai todn. K&t qui niy da md rong k&t qui trong [2] vdi
trudng hop a = f# =2. Mit khic, néu a = f# =2, ching tdi cling thu dugc mot sd két qua vé tinh
déu clia nghiém tly thudc vao tinh déu clia dit kién. Phan cudi cla bai ndy chiing t6i chitng minh
nghiém (u, P) cta bai toan (1)-(5), (8) véi a = B =2, c6 dugc mdt khai trién tiém cin cdp N +1
theo theo hai tham s6 K, A. K&t qué thu dudc & day ciing di md rong va chita dung cidc két qua
trong [1-3, 5-7] nhu 13 trudng hgp riéng. Do khuon khd han dinh clia bai bdo cdo s& in trong Ky
y&u Hoi nghi, nén chiing tdi chi trinh bay bai todn va phdt bi€u két qua. Chi ti€t chitng minh sé&
dudc cong bo trong [8].
2.SU TON TAI VA DUY NHAT NGHIEM

Ta bd qua modt s6 dinh nghia cdc khong gian quen thuoc nhu C™[0,1], L7 (0,1),
w™ro,l), L”(0,T; X),1< p<oo, va st dung cdc ky hiéu sau W"" =Ww""(0,]),
L» =w0,1), H" =W"™*(0,1),1< p <o, m =0,1,2,.. Chuin va tich vo huéng trén L’ In

lugt dugc ky higu bdi ||| va (). Ky hiéu |-|, ding d€ chi chudn trén khong gian Banach X.

Goi X' 1a d6i nglu ctia X. Ta ciing ding ky hiéu (-,-) d€ chi ciip tich doi ngiu gitta X' va X.

Ta cling st dung cac ky hiéu u(t), u)y=u'(t)=u, (),
i) =u"(t) = u,(t),u (t)=Vu(t), u_(t)=Au(t), lan lugt thay cho u(x,?), %(x, 1),
o’u
o

Ta thanh 1ap cédc gid thi€t sau

(H) 1>0,K20,h20,4, >0 va K, +h >0,

(H,) u,eH?vau eH',

(H;) f.f, € L((0.1)x(0,T)),

(H,) keH' (0,T)nW>'(0,T),

(Hy) geH(0,T).

Khi d¢6 ta c6 dinh 1y sau

Pinh Iy 1.[8] Vi cdc gid thie¢t (H,)—(Hy), ton tai duy nhdt nghiém yéu (u,P) ciia bai todn (1.1)

- (1.5), (1.8) sao cho

ou o’u
9t [ 3t s T~ o 9t .
x,1) 8x(x ) axz()C )

uel”(0,T;H?),u, € L”(0,T; H'), u, € L”(0,T; L),
u(0,1) e W' (0,T),

u(l,t)e H*(0,T)nWw"*(0,T),

PeW" (0,T).

(1D

Chd § 1. Tir (11) din dén



ueC’0,T;H)YNC'(0,T;L*) " L™ (0,T; H?). (12)
3. SUPHU THUOC TiNH TRON CUA NGHIEM VAO CAC DU KIEN

Trong phan nay ching to6i nghién citu tinh tron clia nghiém bai todn (1) — (5), (8) trong trudng hop
a = [ =2. Tu dy, ching ta gid st (h,K,K,,A4,4,) thda man cdc gid thi€t (H,). Ta ting cudng
thém cdc gid thi€t cho u,,u,, f,g,k nhu sau:
(H)" u,eH ™ vau eH™,
0"
ar el’(Q;), 0<v<r+l,

Hy)" | %

)7
z{(XO)eHl 0<u<sr-1,

(H,)" geH™(0,T),

(H)" keH™(0,T).

Khi d6 ta c6 dinh 1y sau

Pinh Iy 2.[8] Véi a = B =2 va cdc gid thiét (H,), (H,)"” —(H,)" ding. Khi dé ton tai duy
nhdt nghiém yéu (u,P) ciia bai todn (1) — (5), (8) théa man

r r+1 r+2
Ou eL(OTH)a eL(OTH)a e 17(0,T; %),

ueC™0,T;H)NC'(0,T;H )YnC™ (O,T;Lz),

u(0,) e W(0,T), (13)
u(l,tye H**(0,T) "W (0,T),

Pew™(0,T).

4. KHAI TRIEN TIEM CAN CUA NGHIEM THEO HAI THAM SO

Trong phan nay ching t0i gid st ¢ = f=2 va (h,K,,A,, f,g,k) théa man cdc gid thit
(H,)—(H,). Véicac tham sd K > 0,4 >0, ching toi xét bai todn nhiéu (QKJ) sau

Lu=u_-u,=-Ku—Au, + f(x,t), 0<x<1, 0<t<T,
B =u(0,1) = P(1),

(O,) 1 Bu=u (1,0)+Ku(l,t)+Au,(,1) =0,

u(x,0) =u,(x), u,(x,0)=u(x),

P(t)=g(t)+ hu(0,¢) — jk(t —s)u(0,s)ds.



Gia sit (u,,,F,,) 1a nghiém y€u duy nhit ciia bai toan (éo,o) tuong tng véi (K, A1) =(0,0). Goi
(u,, P, )Vv6i(y,r,)e Z?,2<y,+y, <N langhiém y&u ciia bai toan (Qym)
u,, =H, ., O<x<l1, O0<t<T,
Bouh:h - P;/w/z ), Bu}q 7 0,
— _
Uy, (0) =1, (x,0) =0,

t
P, (&)=hu, , (0,0)=[k(t=s)u, , (0,5)ds.
0

u, , €C(0,T;H)YNC'(0,T;L*) N L*(0,T;H?),
© . 1 // 0 .72
. eL”(0,T;H"), u, .. e L”(0,T;L"),
u, (0,0eW' (0,1, u, , (1,0)e H*(0,T) "W (0,T),
P, eW"(0,T),

7157

715
/
u}/l’}/

oY)
(o
>

<«

~ ~
H o =—ug, Hyy =—u,,

~

H, ==, , —t,, . (r.7)€Z], 2<y,+7, <N.
Goi (u,P)=(u, «,P, ) 1a nghiém y&u duy nhit ciia bai todn (Q,M), khi d6 cip ham s& (v, R)
dinh nghia bdi

_ _ 772
V=Uga Z“WZK A,

0<y +7,<N

R=P, - ZPNZK” A7,

0<y,+y,<N

s& thda man bai todn



Lv=-Kv—Av, +ey,,(x,0), 0<x<I, 0<t<T,
Byv=R(), Bv=0,
v(x,0) =v,(x,0) =0,

R(t) = hv(0,1) — j-k(t —s)(0,s)ds.
0 (14)

veC’(0,T;H)YNC'(0,T; L) L*(0,T; H?),

v e L”(0,T;H"), v' e L”(0,T;L%),

v(0,) e W"(0,T), v(1,t) e H*(0,T) "W "*(0,T),

ReW"(0,T),

trong d6

ey k= Z:(uyl_l’y2 +u;l’72_1)K7%“. (15)
y1+7,=N+1

Ta c6 bd dé sau day

Bé dé 3.[8] Ta cé ddanh gid sau

~ 2 2 \N+1
roras SCVWK? 2™, (16)

¢ day C, la hdang sé chi phu thuéc vao cdc hdng sé Hu

HeN,K,A

i
u7/1~7/2*1

n-tr =, r;u')’ °,r;HY’

(1) €ZLy +7,=N+1.
Pinh 1y 4.[8] Gid st a = =2 va cdc gid thi¢t (H,)—(H) dugc théa man.Khi dé véi mdi
K>0,4>0, bai todn (QKJ) ¢ duy nhdt nghiegm yéu (u,P)=(u, «,P, ;) théa man danh gid

tiém can dén cdp N +1 nhu sau

/ /
uKJ- - Z u}/lJ’zK}/l /1}/2 + uK,l - Z u}’la}/zKyl/lyz
0<y,+7,<N 1°(0,T;1%) 0<y1+y,<N 1°(0,T;H")
a7
/ / ngr ~* 2 2 '™
g, )= >, (LKA <Cy ,WK*+2 ] ,
0<y1+y,<N 12(0,T)

va

~ +1
sC,*V*H(\/K%/VY , (18)

PKJ_ Z P71a7/2Ky1/1}/2

0<y,+7,<N

c(qo,r)



véi moi K>0,4>0, trong dé, cdc ham (L171 72,]—’71 72) la nghiém yéu ciia cdc bai todn

(le,yz )9(71:7/2) € Z+297/1 +y, =N+ 1, cdc hang s6 5;“: 5;11 doc lap véi K, 4 .
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