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BAN TOM TAT

Trong bao céo nay chung toi xét bai toan gia tri bién-ban dau cho phwong trinh séng phi tuyén

u, ikuﬂ,+lu,)=f(r,u), O<r<l, 0<t<T,
r

limru, (r,0)
r—0,

<+, u, (Lt)+hu(l,t)=0,

1

3 :I r|ur(r,t)|2dr,

0

u(r,O) = 1’70 (l"), ut(l’,O) = ﬁl (7"),

ur

trong d6 hang s />0 va cac ham sb B, f,ii,,u, la cho trudc. Trong Phan 1, ching t6i lién két bai

toan (1) mot day qui nap myén tinh ma sy ton tai nghiém dia phuong duogc chimg minh bang phuong
phép Galerkin va ly luan vé tinh compact thong dung trong cac khdng gian Sobolev c6 trong thich
hop. Trong Phan 2, néu feC’([01]xIR) va BeC'(IR,), b,<B(m)<c,n®+c,,

‘B/(n)‘ <¢n®'+7¢, trong @6 b, >0, a>1, ¢,,C,, ¢, ¢ >0 la cic hing sb, ching toi thu

duge mot thuat giai 1ap cdp hai hoi tu. Cudi cung trong Phan 3, voi gia thiét BeC N (IR)),
B, eC"(R,),B>b,>0,B, >0, f e C"'([0]1]xIR) va f, e C"([0,]]xIR), ching tbi thu

duoc mot khai trién tiém can theo tham s bé & dén cép N +1 cta nghiém yéu u,(r,t) cia bai toan

(M

u, -5

trong d6  phuong trinh (1), dugc thay bdéi  phuong  trinh
i )+ &B, (” u, ||§ )J(urr + (/)= f(ru)+¢ f,(r,u).



ABSTRACT

In this report we consider the initial-boundary value problem for the nonlinear wave equation

(I

ikurr+%ur)=f(r,u), O<r<l, 0<t<T,

(D <+oo, u, (1,t)+hu(l,t)=0,

lim~ru, (1)
r—0,

1
Z =J. r| u, (r,t)|2dr,

0

u(r,0) = i, (r), u,(r,0) =, (r),

ur

where B, f ,LNtO ,ﬁl are given functions and 4 > 0 is a given constant. In Part 1, we associate with this

problem a linear recursive scheme for which the existence of a local and unique weak solution in
Sobolev spaces with appropriate weight is proved by using a standard compactness argument. In Part
2, we give a sufficient condition for quadratic convergence of the scheme corresponding to the

solution of the original problem with f e C*([0,]]x IR) and coefficient function B € C 1(IR+),
by < B(n) <cyn” +¢,,

B/(n)‘ <en®'+¢, with b, >0, a>1, ¢,,C,, ¢, =0 are given
constants.  Finally, in Part 3, if BeC""(IR,), B, eC"(IR,), B=b,>0,
B, >0, feC"'([0,1]xIR) and f, € C"([0,]]xIR), we obtain from the following equation
u, — lB(| z )+ eB, (| i )J(ur, + (l/r)ur) = f(r,u)+¢ f,(r,u) associated to (1),; a weak

solution u,(7,t) having an asymptotic expansion of order N +1 in ¢, for & sufficiently small.

u, u,

1. GIOI THIEU

Trong bdo cdo nay chiing tdi xét bai todn gid tri bién-ban diu cho phuong trinh séng phi tuyé&n

u, —B(| u,

i}ur,+lu,):f(r,u), O<r<l, 0<t<T,
,

(1) lim Jru, (rt)| <+, u, (1,6)+ hu(l,t) =0,

1
i = J r| u,(r,t) |2a’r,

0

u(r,0) =y (r), u,(r,0) =u,(r),

ul"

trong d6 hing s6 />0 va cdc ham sd B, f, i, 1a cho trudc. Lién quan d&€n bai todn (1) 1a bai

todn sau day, ma nhiéu tic gid (ching han cdc tic gia trong cdc bai bdo [6, 7, 13, 15, 16]) da
nghién cttu



v, - B, (|| vy’ )Av = f.(x,u), (x,1)eQ,x(0,T),
ov

@) E-'- hv=0, (x,t) € 0Q, x(0,7),
hay v =0, (x,1) € 0Q2, x(0,T),
V()C,O) = ‘70 (X), vt (X,O) = Vl ()C), X e Qla

2

N
§day [V = ] V(x,0)| dx = 12 dx, € 1a mot mién bi chin trong /R" véi bién

ov

A (x’ t)
ox,

0Q; di tron va v 1a véctd phdp tuy€n don vi trén bién 0€);, hudng ra phia ngoai.

Véi N =1 va Q; =(0,L), phuong trinh (2); xud't phdt ti bai todn md ta dao ddng phi tuyén cla
mdt diy dan hdi ( xem Kirchhoff [7])

EhtL
hy, —| P, +—
pnv, 0 2L'([

ov

8—(y,t) dy v, =0,0<x<L,0<t<T,
y

X

& day v 1a do vong, x 1a bi€n khong gian, ¢ 1a bién thdi gian, o 12 khdi lugng riéng, /4 1a thiét

dién, L 1a chi€u dai sgi day & lic ban dau, £ 1a mddun Young va By 1a lyc ciing lic ban dau.

Trong [3], Carrier ciing da thi€t 1ap mot bai todn c¢é dang
L
Vit _(RJ +P1 .[ Vz(y,t)dijw =0,
0

trong d6 Fy va P, 1a cdc hing sd.
Trudng hgp Q, 1a qué cau don vi mé trong IR" va cdc ham v, f, V9,V phu thudc vao x thong

N
s o2 2 2
qua 7 véi r =|x| => X, nhu sau
i=1

v(x,t) =u(

), Vi (x) =7 (|x

X at)a Vo(x):goqx )9

1), fi(et) = f(

X

thi
1
= o )+ L =
0

& day B(n7) = B;(wy7) va oy dién tich mit cdu don vi trong IR" . Khi d6 (2) vi€t lai nhu sau



1
u”_B[I |”,(V,t)|2r7dr](u”+Zu,)=f(r,u), O<r<l, 0<t<T,
r

0

(3) u, (Lo)+hu(l,t)=0, 0<t<T,

hay u(l,t)=0, 0<t<T,
u(r,0)=u,(r), u,@0)=u(r), 0<r<l.

Véi N =2, (3); 1a phuong trinh séng phi tuy&€n hai chiéu md ta dao dong ctia mang don vi

Q= {(x, y): x>+ y2 < l}. Trong qud trinh dao dong, bé mit cia mang €, va sic cing tai cdc
di€m khéc nhau trén d6 thay ddi theo thdi gian. Piéu kién trén bién mo ta nhitng rang budc dan
hdi, trong d@6 4 1a hiing s& ¢é mot ¥ nghia cd hoc. Piéu kién bién (1), hién nhién sé& dugc thoa
min néu u 12 mot nghiém ¢ dién cia bai todn (1), (ching han nhu « € C' (Q x (0, T))

NC? (Q x (0, T))). Diéu kién nay thudng dugc st dung trong sy lién hé véi cac khdng gian
Sobolev cé trong r (xem [2, 14]).

Trudng hgp phuong trinh (3); khong chita s6 hang (y/r)u, (y = 0), thi (3); ¢6 dang

1
@ u, —B(I Ju, (r, r)lzryeruW = £(r,u).

0
Khi /=0, bai todn Cauchy hay bai todn hdn hdp (4) di dugc nhiéu tdc gid nghién cttu; xem [5,
20] va céc tai liéu tham khdo dugc néu trong d6. Téng quan cic k&t qua thudc vé linh vuc Todn
hoc ctia m6 hinh Kirchhoff c6 thé dugc tim thdy trong cdc tai liéu [18, 19]. Mederios ([17]) ciling
da nghién citu bai todn (1) trén mot tip mG va bi chin Q cta IR, v6i f = f(u)=—bu’,b>0
la hing s6 cho tru6c. Hosoya va Yamada ([6]) dd nghién ctu bai todn (4)-(3);4 VGi

f=fw)=-6u

cling da nghién cifu sy ton tai va duy nhit nghiém ctia phuong trinh

“u,trong d6 §>0, >0 1a cdc hiing s& cho truée. Trong [11], céc tdc gid

(5) u, + AN u— B(”Vu ||2 )Au + 8|u[|a71ut =F(x,t),xeQ, t>0,

§day 1>0,6>0, 0<a <1, Q 1a mdt tip md va bi chin cia IR’.

Trudng hop c6 s6 hang (1/7)u, xudt hién trong phuong trinh (1), ta phdi khit bé hé s§ 1/7 bing
cach st dung cac khong gian Sobolev ¢6 trong thich hgp (xem [2, 8, 14]).

Trong bai bdo nay, ching t6i nghién cttu bai todn (1) tuong Gng v6i mot s& dang cda ham [ & vé&
phai. Trudc hét, ching toi lién k&t bai todn (1) v6i viec xay dung mot ddy lip tuyén tinh bi chin
trong mot khong gian ham thich hdp. Su tn tai nghiém dia phuong duge chitng minh dua vio cic
phuong phdp compact thong thudng. Ching tdi xin dudc chi y ring phuong phdp tuyé&n tinh sit
dung & trong bai bdo nay va trong cdc bai [2, 4, 12, 15, 16, 21] khong dp dung dudgc cho céc bai
todn G cdc bai bdo [5, 9, 10, 11, 13, 14, 17]. Trong phﬁn 2, ching t6i xét bai todn (1) véi



feC([01]xIR) va BeC'(IR,). b, <B()<em”+8, |B'(p)<en“ +, wong d6
by >0, a>1,va ¢,,¢C,, ¢, ¢ >0 lacéc hing s8 cho truée. G day, mot ddy quy nap tuyén tinh

{um} dugc xay dung nhu sau
A

e _B(”vum ”i )(a . +(1/7) aumJ:f(r’um—l)"'(um —u, )~ (ru,,),
s

82
ot? or? 16} ou
0<r<l, 0<t<T, v6i u, thod (1),5 va s6 hang ddu tién cla day dugc chon 1a u, =0. T do,

(6)

néu cic diéu kién dua ra dugc thod man, thi ta s& c6 sy hoi tu bic hai cla day {um} vé nghiém
y€u cia bai toan (1). Cudi ciing trong phin 3, véi Be C"*'(IR,), B,e C"(IR,), B>b, >0,
B, >0, feC"([0]1]xIR) va f, e C"([0,1]x IR), chiing t6i thu dugc mot khai trién tiém cin
theo &> 0(dd nhd) d&€n cdp N +1 ciia nghiém y&u u_(r,¢) cla bai todn (1), ma trong d6 f'(r,u)
dugc thay bdi f(r,u)+¢f,(r,u), B dugc thay bdi B+ &B;. K&t qua thu duge tdng quét hon céc
ké&t qua trong [4, 12, 15, 16]. ’ ) .

2. CAC KHONG GIAN HAM VA KET QUA CHUAN BI

bit Q= (0,1). Ta bd qua dinh nghia cdc khong gian ham thong dung C” (5), L7 (QY), H"(Q)

1

2
ur(r,l‘)|2 dr) va dinh nghia

— 1

va W™P(Q). V6i mdi ham ve C°(Q), ta dinh nghia M, =( [r
0

khong gian ¥, 1a ddy di hod clia khong gian C°(Q) ddi v6i chudn |- .

Tuong t, véi mdi ham v e C'(Q), ta dinh nghia || v||1 = ( || v||§ +H v/ Hz jm va dinh nghia khong

gian V] 1a day dd hod cla khong gian Cl(ﬁ) tuong ng vdi chuin | ||1 Ta chd y riing cdc chuidn

””0 va ||||1 c6 thé dugc dinh nghia mot cdch tuong Gng tif cdc tich vd6 hudng tuong Gng
1

(u,vy = jru(r)v(r)dr va {u,v)+(u',v'). Khi d6 ta chitng minh d& dang ring V,, va ¥} la cic
0

khong gian Hilbert vdi cdc tich vo huéng tudng ¥ng nhu trén. Mit khdc, V; dudc nhing lién tuc va

niim trit mat trong V. Ta ddng nhat ¥, vdi ¥, (d6ingducta V), tacs ¥, L v, =v U v/,

Mit khdc, ky hiéu () ciing dudgc dung d€ chi cip ddi ngiu giita V| va Vl/- Bay gid, véi mdi

h >0, ta @it

1
(7 a(u,v) =hu(l)v()+ Iru/(r)v/ (r)dr, u,veV;.
0

Khi d6, a(--)1a dang song tuy€n tinh, d8i xdng xdc dinh bdi (7) 12 lién tuc trén ¥V} XV} va cudng
bitc trén V|, (xem [2]). Nhg dinh 1y Lax-Milgram, ton tai duy nhdt mot todn t tuyén tinh lién tuc
-1d

d
A:V, >V, sao cho a(u,v)={Au,v) Vu,veV, Honnita Au E—d—(rd—u) trong V,'. Véi
r dr dr

mdi ve C?([0,1]) ta dat



i s

2
®) My =| [+ o +[ave1ar |
0

va dinh nghia ¥, 1a day dd hod clia khong gian C?([0,1]) ddi véi chuin || . ||2 Ciing chi ¥ ring
V, ciing 1a khong gian Hilbert ddi vdi tich vo huéng
9) (u,v>+<u/,v/>+(Au,Av>.
Mit khéc ta cling ¢6 thé dinh nghia ¥, nhu 1a V, ={v eV, : AveV,}.
Lién quan giita cdc khong gian V,, V; va V, ta c6 cdc két qud sau diy ma ching minh cla
chiing c6 thé tim thdy trong [2].
B& dé. ([21) Cdc phép nhing Vo[ v, L1 v, 1a compact.
V§i mot khong gian Banach X, ta sé ky hiéu chudn trén X 1a ””X va X/ 1a d6i ngdu ciia X.
Ky hiéu LP(0,7;X),1< p<co, la khong gian Banach gém tit cd cdc ham do dugc
u:(0,7) > X, sao cho

1

T P
Mo {jllu(r)nf(dzJ o iy
0

”” ||L°°(0,T;X) - eﬁiil;p”u(t) ||X’ véi p=co.
Ta ky hieu u(t), u(t)=u,(t), ii(t)=u,(t), v’ ) =u, @), u’ t)=u,(t) d& chi u(r),
ou 0%u

a—u(r 1) @(r 1), —(r,t), —(r,t), 1an lugt
at 2 b atz b b ar 2 b arz b b g

3.DAY QUY NAP TUYEN TINH.
Trong muc nay chiing toi s& xét bai todn gid tri dAu va gid tri bién (1) vé6i cdc gia thi€t sau
(Hl) 1’71 € I/I’ 170 € VZ’
(H,) BeC'(IR,), B(n)=b, >0, V>0,
(H3) feC'([0,1]xIR).
Ung véibatky M >0 va T >0, cho truSc, v6i Bva f thod cic gia thi€t (H,) va (H;) tuong
Ung ta dit
W(M,T)={veL”0,T;V,):ve L*0,T;V)),v e Lz(O,T;VO),
Mz 0.7, < M-

Wi(M,T)={eWM,T):veL”(0,T;V,)}.

“}”L‘”(O,T;Vl) <M, i;||L2(0,T;Vo) < M3,

Trong phan nay, véi sy lya chon M >0 va T >0 thich hgp, ta s& xay dung mot ddy {u,, } bing

phuong phip quy nap. Diy quy nap nay s& dugc chitng minh hdi tu vé nghiém y&u clia bai todn

(1).
Trude hét ta chon uy =0, gid skt



(10) u, , eW,(M,T),
va lién k€t bai todn (1.1) v4i bai todn bi€n phan: Tim u,, € W,(M,T) (m >1) sao cho

- { Gl 0.9)+ B[ Vi, O] b, 00.9) = f )0, v,
u, (0)=uy, u,(0)=1u,

Sy tOn tai cda ddy {u,, } cho bdi dinh 1y sau day.

Pinh Iy 1. Gid sit (H,)-(H,) diing. Khi dé t6n tai cdc hing s6© M >0 phu thudc vao iy, iy, B, h

va T >0 phu thuéc vao iy,iy, B, h, f sao cho vdi uy =0, tén tai mét day quy nap tuyén tinh

{u, } < Wy(M,T) xdc dinh bdi (10)— (11).

Chitng minh. Pudc thyc hién qua cdc buéc xAp xi Galerkin, danh gid tién nghiém, qua gidi han
nhd vao 1y luan vé tinh compact, ta thu dugc u, € W,(M,T) 1a nghiém cla bai todn (11).
Pinh Iy 2. Gid sit (H,)-(H) ding. Khi do:
() Tontai M >0, T >0 sao cho bai todn (1) cé duy nhdt mét nghiem yéu u € W;(M,T).
(ii) Mdt khdc, day qui nap tuyén tinh {u, } xdc dinh béi (10)-(11) héi tu manh vé nghiém yéu u ciia
bai todn (1) trong khong gian
Wi(T)={ve L*(0,T;V}): veL”(0,T;Vy)}.

Hon nita ta ciing cé udc luong sau

|| u, —u )+|| u, —u

<C kI, Vm=1,

(0,1, [ (0,TV)
trong dé ¢ day 0 <k, <1, C, la cdc hang s6 déc lap vdi m.

Chiéng minh. Chi cin chiing minh ddy qui nap tuyé&n tinh {u, } cho bdi dinh 1y 1 hoi tu manh vé
u trong W, (T) va u 1a nghiém y€u cla bai todn (1) théa u € W, (M,T). Su duy nhit nghiém
cling dugc chitng minh nhd vao b8 dé Gronwall.

Chi § 2. Trong trudng hgp B =1, mot vai két qud di nhan dudc trong [4]. Trong trudng hop
phuong trinh (1) khong chita s& hang (1/7)u,., f € C'([0,]]x IR), va B =1, mot s8 cic két qua
cling da thu dugc trong [12].

4. SUHOQI TU BAC HAI

Trong muc nay, ching t6i xét bai todn (1) vdi gia thi€t b8 sung sau day

(H,) BeC'(IR,), sao cho cic hing s b, >0, @ >1, va ¢,, C,, ¢;, ¢; >0 thda

by < B(p)<Tn” +5,, |B'(p|<en™ +&,Vn=0,
(Hy) f € C*([0,1]x IR).

Véi cac hing s6 M >0,T >0 ta s& chon sau, ta xét day 1dp day {u,,} bdi quy tdc sau: Cho
trude ug =0 va gid sit ring

(12) wu, ,ewW,(M,T),

Ta lién k€t bai todn (1) v4i bai todn bi€n phan: Tim u,, € W;(M,T) (m >1) sao cho



(i, (£),v) + B(II Vu, 0| )a(u,,, (t),v) = (f (ryu,,_,),v)
(13) iy, —u, VL )y, Wvel,
ou

u, (0) =iu,, u,(0)=u,

K&t qua sau cho ta sy hdi tu bic hai cla day {u,, } v€ nghiém y€u cla bai todn (1).

Pinh Iy 3. Gid sit (H,), (H,), (H) diing. Khi d6 ton tai cdc hing s6° M >0, T >0 sao cho

(i) Ton tai mét diy quy nap tuyén tinh {u,,} < Wy (M,T) xdc dinh béi (12), (13).

(i) Bai todn (1) ¢6 duy nhdt mot nghiém yéu u e W,(M,T).

(iii) Day qui nap {u,} xdc dinh bdi (12), (13) hoi tu bdc hai vé nghi¢m yéu u ciia bai todn (1)

trong khéng gian Wi(T') theo nghia
2

” u, —u ||WI(T) < C”um—l —u ||WI(T)’

vdi C >0 la hing sé’ déc lap véi m. Hon nita ta ciing c6 udc lugng
o
|| u, —u ”Wl(T) <C,B; Vm,
dday 0< B, <1, C, la cdc hang s6 déc lap véi m.
Chiing minh ciing dudc thyc hién tuong ty dinh 1y 1, 2, k&t hdp véi viéc khai trién MacLaurin cho
ham f d&n cip hai. Tuy nhién trong cdc budc chitng minh can st dung d€n nhiéu k¥ thuat hon,

ching han trong d4nh gia tién nghiém, can st dung bat phuong trinh tich phan Volterra phi tuyén.
Chi ti€t chitng minh khd dai, ching t6i xin dugc khong trinh bay & day.

Chi y 3. Trong trudng hgp dic biét B =1, két qua nhan dudc trong [2] 1a hé qud cla dinh 1y 3.
5. KHAI TRIEN TIEM CAN CUA NGHIEM

Trong phan nay, ta b3 sung thém céc gid thiét sau:

(H,) BeC"'(IR,), B, e C"(IR,), B(n)>=b, >0, B,(7)>0, V>0,

(H,) feC"([01]xIR), f, € C"([0,1]xIR).

Ta xét bai toan nhi€u sau, véi & la tham s& di nhé, |¢[<1:

u”—Bg( u, 3)(u,,,+(1/r)u,):Fg(r,u), O<r<l, 0<t<T,
) lim Nru (r )| <+, u, (1,6)+ hu(l,1) =0,
l/l(l",O) = 1’70 (l"), u,(r,O) = 171 (7/'),
Bg( u, é )zB(| u, é )—i— eB, (”ur (2) ), F (r,u)= f(ru)+¢ f,(r,u),

Trong phan ti€p theo ndy chiing tdi s& khai tri€n tiém cin d€n cAp N +1 theo & cia nghiém yé&u
u, cla bai todn (P,). D€ cho gon, ta cling st dung thém céc ky hiéu

a

*).Df=of 1or, D,f =of |6u, DB=B' =
dn

flul= f(r,u), Bul=B(|u,




Goi u, € W,(M,T) la nghiém y€u duy nhit cta bai todn (F,) dng véi & =0. Gid sit
Uy Uy €W, (M,T), vé6icéchiingsd M >0 va T >0 thich hgp, 1an lugt 1a cdc nghiém yéu
duy nha't cda cdc bai todn (Q,), i =1,2,...,N dudi day (dudc xdc dinh nhu trong dinh 1y 1):

ii, + Blu,JAu, = F[u,], 0<r<l, 0<t<T,

0, lim Jruy, (r0) | <40, uy, (1,6)+ hu,(1,6) =0,
u,(r,0)=u,(r,0) =0,
G day

(14)  Fu]=x[f1+ 2[4 ([B]+ po[B]) Auq,
véi [ f,1, 7, [ f], po[B], p,[B] dugc dinh nghia nhu sau:
15) oL 1= flugl= f(roug), m[f]1= 7Dy f u,,
Po[B]= Blu,]= B(””Or (2) )’ A LBl = 2:00[3/]( Uo, > Uy, )-

Vé6ii=2,.,N, u, la nghiém cla bai todn

ii, + Blu,]Au, = F[u,], 0<r<l, 0<t<T,

Q) 1 [lim~ru,(ro|<+o, u,0,0+hu(0)=0,
u,(r,0)=u,(r,00=0, (i=12,..,N),
g day

i

16)  Flul=mlf1+70/1-D. (p[Bl+ p,.[B])Au,,,

k=1

voi [ f=nm[f uy,uy,.su;), p[B,ug,u,,...,u;], dudc xdc dinh theo cong thic quy nap sau

(17) Tl f]= . — . [D,flu,,, 2<i<N,

T
(=]
~

-1 i-

Z (i—k=)p[B'1Cu,,(u__,),) 2<i<N.

k=0  j=0

2
(18) pi[B]=—

i
Khi d6 ta c6 két qua sau.
Pinh Iy 4. Gid sit (H,), (H,), (H,) diing. Khi dé ton tai cdc hiang s6 M >0, T > 0sao cho véi
moi €& ma |8| <1, bai todn (P.) c6 duy nhdt mt nghiém yéu u, € W,(M,T) thod man mdt ddanh
gid tiém cdan dén cdp N +1 nhu sau

. N
Uy =2 &'y g =2 &'
i=0 i=0

<Cr |8|N+1.

L”(0,T3V,)

(19) +

L”(0,T;1})

Vai A6 Uy, U, ..., 1y lan ligt la cdc nghiém yéu cia cdc bai todn (F)),(Q,),...,(Qy ), tuong ing.
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